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Abstract. We define here two new classes of saturated fusion systems, reduced fusion 
systems and tame fusion systems. These are motivated by our attempts to better understand 
and search for exotic fusion systems: fusion systems which are not the fusion systems of 
any finite group. Our main theorems say that every saturated fusion system reduces to a 
reduced fusion system which is tame only if the original one is realizable, and that every 
reduced fusion system which is not tame is the reduction of some exotic (nonrealizable) 
fusion system. 



When G is a finite group and S E Sylp(G), the fusion category of G is the category J^siG) 
whose objects consist of all subgroups of S, and where 



Mor^,(G)(P, Q) = RomaiP, Q) = {cg G Hom(P, Q)\gEG, gPg-' < Q} . 

This provides a means of encoding the p-local structure of G: the conjugacy relations among 
the subgroups of the Sylow p-subgroup S. An abstract "saturated fusion system" over a finite 
p-group S" is a category whose objects are the subgroups of S, whose morphisms are certain 
monomorphisms of groups between the subgroups, and which satisfies certain conditions 



formulated by Puig Pg2 and stated here in Definition 11.11 In particular, for any finite G as 
above, J-s(G) is a saturated fusion system. A saturated fusion system is called realizable if 
it is isomorphic to the fusion system of some finite group G, and is called exotic otherwise. 

It turns out to be very difficult in general to construct exotic fusion systems, especially 
over 2-groups. This says something about how close Puig's definition is to the properties of 
fusion systems of finite groups. 

This paper is centered around the problem of identifying exotic fusion systems. A first 
step towards doing this was taken in |0V2] , where two of the authors developed methods for 
listing saturated fusion systems over any given 2-group. However, it quickly became clear 
that in order to have any chance of making a systematic search through all 2-groups (or 
p-groups) of a given type, one must first find a way to limit the types of fusion systems 
under consideration, and do so without missing any possible exotic ones. 

This leads to the concept of a reduced fusion system. A saturated fusion system is reduced if 
it contains no nontrivial normal p-subgroups, and also contains no proper normal subsystems 
of p-power index or of index prime to p. These last concepts will be defined precisely in 
Definitions 11.21 and ll.21( for now, we just remark that they are analogous to requiring a 
finite group to have no nontrivial normal p-subgroups and no proper normal subgroups of 
p-power index or of index prime to p. Thus it is very far from requiring that the fusion 
system be simple in any sense, but it is adequate for our purposes. 

The second concept which plays a central role in our results is that of a tame fusion 
system. Roughly, a fusion system J-" is tame if it is realized by a finite group G for which all 
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automorphisms of T are induced by automorphisms of G. The precise (algebraic) definition 
is given in Definition 12.51 In terms of classifying spaces, T is tame if it is realized by a finite 
group G such that the natural map from Out(G) to Out(-BG'p) is split surjective, where 
Out(i?G'p) is the group of homotopy classes of self homotopy equivalences of the space BG'^. 

For any saturated fusion system T over a finite p-group 5*, there is a canonical reduction 
reO(J-') of T (Definition 12.11) . The analogy for a finite group G with maximal normal p- 
subgroup Q would be to set Go = Cg{Q)IQ-i and then let re^(G) < Gq be the smallest 
normal subgroup such that Go/^2?)(G) is p-solvable. Our first main theorem is the following. 

Theorem A. For any saturated fusion system T over a finite p-group S, iftzd{J^) is tame, 
then T is also tame, and in particular T is realizable. 

Thus Theorem 1X1 says that reduced fusion systems detect all possible exotic fusion systems. 
If one wants to find all exotic fusion systems over p-groups of order < p^ for some p and fc, 
then one first searches for all reduced fusion systems over p-groups of order < p^ which are 
not tame, and then for all other fusion systems which reduce to them. 

The proof of Theorem |X] uses the uniqueness of linking systems associated to the fusion 
system of a finite group, and through that depends on the classification of finite simple 
groups. In order to make it clear exactly which part of the result depends on the classification 
theorem and which part is independent, we introduce another (more technical) concept, that 
of "strongly tame" fusion systems (Definition 12.91) . Using the classification, together with 
results in [OT] and [02]. we prove that all tame fusion systems are strongly tame (Theorem 
l2.1Up . (In fact, the definition of "strongly tame" is such that any tame fusion system which 
we're ever likely to be working with can be shown to be strongly tame without using the 
classification.) Independently of that, and without using the classification theorem, we prove 
in Theorem 12.201 that T is tame whenever reO(J-') is strongly tame; and this together with 
Theorem 12.101 imply Theorem |Al 

Alternatively, one can also avoid using the classification theorem by restating Theorem |A] 
in terms of fusion systems together with associated linking systems. 

Albert Ruiz has constructed examples [Rzj which show that the reduction of a tame fusion 
system need not be tame, and in fact, can be exotic. So there is no equivalence between the 
tameness of T and tameness of rec)(J-'). The next theorem does, however, provide a weaker 
converse to Theorem |Al by saying that for every non-tame reduced fusion system, there is 
some associated exotic fusion system in the background. 

Theorem B. Let T he a reduced fusion system which is not tame. Then there is an exotic 
fusion system whose reduction is isomorphic to T . 

As remarked above, reduced fusion systems can be very far from being simple in any sense. 
For example, a product of reduced fusion systems is always reduced (Proposition 13. 4p . The 
next theorem handles reduced fusion systems which factor as products. 

Theorem C. Each reduced fusion system T over a finite p-group S has a unique maximal 
factorization T = J^i x ■ ■ ■ x J^^ as a product of indecomposable fusion systems Ti over 
subgroups Si < S . If is tame for each i, then T is tame. 

Here, "unique" means that the indecomposable subsystems are unique as subcategories, 
not only up to isomorphism. By Theorem [C| in order to find minimal reduced fusion systems 
which are not tame, it suffices to look at those which are indecomposable. In practice, it 
seems that any reduced indecomposable fusion system which is not simple (which has no 
proper normal fusion subsystems in the sense of Definition II. 181 or of |Asch| §6]) has to be 
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over a p-group of very large order. The smallest example of this type we know of is the 
fusion system of AqI A^, over a group of order 2^^. 

Using these results and those in |0V2] as starting point, we have started to undertake a 
systematic computer search for reduced fusion systems over small 2-groups. So far, while 
details have yet to be rechecked carefully, we seem to have shown that each reduced fusion 
system over a 2-group of order < 512 is the fusion system of a finite simple group, and is 
tame. We hope to be able to extend this soon to 2-groups of larger order. 

What we really would like to find is an example of a realizable fusion system which is not 
tame. It seems very likely that such a fusion system exists, but so far, our attempts to find 
one have been unsuccessful. 

The theorems stated above will all be proven in Sections |2] and |3l Theorems \M and [B] 
as Theorems 12.201 and 12. 6[ and Theorem O as Proposition 13.61 and Theorem 13.71 They are 
preceded by a first section containing mostly background definitions and results, and are 
followed by a fourth section with examples of how to prove certain fusion systems are tame. 

All three authors would like to thank Copenhagen University for its hospitality, when 
letting us meet there for 2-week periods on two separate occasions. We would also like to 
thank Richard Lyons for his help with automorphisms of certain sporadic groups. 
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1. Fusion and linking systems 

We first collect the basic results about fusion and linking systems and their automorphisms 
which will be needed in the rest of the paper. Most of this is taken directly from earlier 
papers, such as |BL02j . |BCGLUlj . |BCGL02j and j03] . 

1.1. Background on fusion systems. 

We first recall very briefly the definition of a saturated fusion system, in the form given 
in |BL02j . In general, for any group G and any pair of subgroups H, K < G, HomdH, K) 
denotes the set of all homomorphisms from H to K induced by conjugation by some element 
of G. When G is finite and S G Sylp(G), J^s{G) (the fusion category of G) is the category 
whose objects are the subgroups of S, and where for each pair of objects Morjr£,(G)(-P, Q) = 
HomG(P,Q). 

A fusion system over a finite p-group S" is a category J-", where Ob (J-") is the set of all 
subgroups of S, such that for all P,Q<S, 

Roms{P,Q) C Hom^(P,g) C Inj(P,Q); 

and each ip G Homjr(P, Q) is the composite of an isomorphism in J-" followed by an inclusion. 
Here, Inj(P, Q) denotes the set of injective homomorphisms from P to Q. If J-" is a fusion 
system over a finite p-subgroup S, then two subgroups P,Q<S are -conjugate if they are 
isomorphic as objects of the category J^. 

Definition 1.1 ( |Pg2| , see |BL02t Definition 1.2]). Let T he a fusion system over a finite 
p- group S . 

• A subgroup P < S is fully centralized in if \Gs{P)\ > |C5(P*)| for each P* < S which 

is J-" -conjugate to P. 

• A subgroup P < S is fully normalized in if |A^s'(P)| > \Ns{P*)\ for each P* < S which 

is J^- conjugate to P. 

• T is a saturated fusion system if the following two conditions hold: 

(I) For each P < S which is fully normalized in J-", P is fully centralized in T and 
Aut5(P)GSylp(Aut^(P)). 

(II) If P < S and if G IIomjr(P, S) are such that (p{P) is fully centralized in T , and 
if we set 

^^ = {9^ Ns{P) I ^Cg^^' G Ants{ip{P))}, 
then there is if & Homjr(A^^, S) such that (f\p = (f. 

If G is a finite group and S G Sylp(G'), then the category J^s{G) is a saturated fusion 
system (cf. |BL02t Proposition 1.3]). 

We now list some classes of subgroups of S which play an important role when working 
with fusion systems over 5*. Here and elsewhere, for any fusion system J-" over a finite p-group 
S, we write for each P < S, 

Out^(P) = Aut^(P)/Inn(P) < Out(P) . 

Definition 1.2. Fix a prime p, a finite p- group S, and a fusion system T over S. Let P < S 
be any subgroup. 

• P is J^-centric if Gs{P*) = Z{P*) for each P* which is -conjugate to P. 
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• P is J-'-radical if Op{Ontjr[P)) = 1; i.e., z/ Outjr(P) contains no nontrivial normal 

p-subgroups. 

• P is central in T if P < S, and every morphism G Hom^((5,-R) in T extends to a 

morphism if G llomjr[PQ, PR) such that (p\p = Idp. 

• P is normal in J-" (P < J-" ) if P < S , and every morphism (f G Homjr((5, R) in J-" extends 

to a morphism ip G Homjr(PQ, PR) such that (p{P) = P. 

• P is strongly closed in J-" if no element of P is -conjugate to an element of S\P. 

• Z{J^) < Z{S) and Op{J^) < S denote the largest subgroups of S which are central in J-' 

and normal in T , respectively. 

It follows directly from the definitions that if Pi and P2 are both central (normal) in J-", 
then so is P1P2. This is why there always is a largest central subgroup and a largest 

normal subgroup Op{T). 

Several forms of Alperin's fusion theorem have been shown for saturated fusion systems, 
starting with Puig in [Pg2| §5]. The following version suffices for what we need in most of 
this paper. A stronger version will be given in Theorem 14.11 

Theorem 1.3 ( |BL02t Theorem A. 10]). For any saturated fusion system T over a finite 
p-group S, each morphism in is a composite of restrictions of automorphisms in Autjr(P), 
for subgroups P which are fully normalized in T , T -centric, and T -radical. 

The following elementary result is useful for identifying subgroups which are centric and 
radical in a fusion system. 

Lemma 1.4. Let T be a saturated fusion system over a finite p-group S . If P < S is 
F-centric and F-radical, then there is no g E Ns{P)\P such that Cg G Op(AutjF(P)). 
Conversely, if P < S is fully normalized in T, and there is no g & Ns{P)\P such that 
Cg G Op(Autjr(P)), then P is J^-centric and T-radical. 

Proof. Assume P is J-'-centric and J-'-radical. Fix g G Ns{P) such that Cg G Op(Autjr(P)). 
Then Op(Outjr(P)) = 1 since P is J-'-radical, so Cg G Inn(P), and g G P-Cs{P) = P since P 
is J-'-centric. This proves the first statement. 

Now assume P is fully normalized in J-". If P is not J-'-centric, then Cs{P) ^ P (since P 
is fully centralized), and hence there is 5^ G Ns{P)\P with Cg = 1. If P is not J-'-radical, 
then Op(Outjr(P)) 7^ 1. This subgroup is contained in each Sylow p-subgroup of Outjr(P), 
and in particular is contained in Out5'(P). Thus each nontrivial element of Op(Outjr(P)) is 
induced by conjugation by some element of Ns{P)\P. □ 

Proposition 1.5. Let be a saturated fusion system over a finite p-group S. For any 
normal subgroup Q < S , Q is normal in T if and only if Q is strongly closed and contained 
in all subgroups which are centric and radical in T . 

Proof. This is shown in |BCGLUT| Proposition 1.6]. Note, however, that wherever "J-"- 
radical" appears in the statement and proof of that proposition, it should be replaced by 
" J-'-centric and J-'-radical" . □ 

Lemma 11.41 shows the importance of being able to identify elements of the subgroup 
Op(AutjF(P)). The following, very well known property of automorphisms of p-groups is 
useful in many cases when doing this. 



6 



KASPER ANDERSEN, BOB OLIVER, AND JOANA VENTURA 



Lemma 1.6. Fix a prime p, a finite p-group P , and a group A < Aut(P) of automorphisms 
of P. Assume 1 = Pq ^ Pi ^ ■ ■ ■ ^ Pm = P is a sequence of normal subgroups such that 

a{Pi) = Pi for all a e A and all i. For 1 < i < m, let "if i'. A > Aut(Pj/Pj_i) be the 

homomorphism which sends a & A to the induced automorphism of Pi/Pi_i. Then for all 
a & A, a & Op{A) if and only if G Op{'^i{A)) for all i = 1, . . . ,m. 



Proof. Set \1/ = . . . , as a homomorphism from A to fl^-,^ Aut(Pj/Pj_i). Then 

Ker(^') is a p-group (cf. Corollary 5.3.3]). If ^'i(a) G Op(^'i(^)) for alH = 1, . . . ,m, 
then \l/(a;) G Op{'^{A)), and so a G Op{A). Conversely, if a G Op{A), then clearly G 
Op(^i(^)) for all i. □ 



Another elementary lemma which is frequently useful when working with centric and 
radical subgroups is the following: 

Lemma 1.7. Let P and Q be p-subgroups of a finite group G such that P < Ng{Q) and 
Q^P. Then Nqp{P) > P, and {Q n Ng{P)) i P. 



Proof. Since P normalizes Q, QP is also a p-group, and QP ^ P by assumption. Hence 
Nqp{P) > P (cf. [Sill Theorem 2.1.6]). Since Nqp{P) = P-{Q n Nqp{P)), we have 
{QnNQp{P))iP. □ 



We also need to work with certain quotient fusion systems. When J-" is a saturated fusion 
system over S and Q < S is strongly closed in J^, we define the quotient fusion system /Q 
over S/Q by setting 

Hom^/Q(P/g,P/g) = Im[Hom^(P,P) > Hom(P/g, P/Q)] 

for all P,R<S containing Q. 

Proposition 1.8. Let J-" be a saturated fusion system over a finite p-group S , and let Q < S 

be a strongly closed subgroup. Then T jQ is a saturated fusion system. For each P < S 
containing Q, P is fully normalized in T if and only if P/Q is fully normalized in T jQ. If 
Q is central in J-", then P ^ T if and only if P/Q < T jQ. 



Proof. By [Oil Lemma 2.6], T jQ is a saturated fusion system, and P is fully normalized if 
and only if PjQ is. So it remains only to prove the last statement. 

By Proposition [T31 P is normal in T if and only if it is strongly closed in J-", and contained 
in each subgroup which is J-'-centric and J-'-radical. For P < S containing Q, clearly P is 
strongly closed in J-' if and only if P/Q is strongly closed in T jQ. 

We apply the criterion in Lemma [L4l for detecting subgroups which are centric and radical. 

Let p: Autjr(P) f AMtj^iQ^P/Q) be the homomorphism induced by projection. Then p 

is surjective by definition of /Q. For a G Autjr(P), we have a\Q = Idg since Q is central 
in J^, so by Lemma [L6| a G Op(Autjr(P)) if and only if p{a) G Op(Autjr/Q(P/(5)). 

U Q < R < S, and P* is J-'-conjugate to R and fully normalized in J-", then R*/Q is 
J-'/Q-conjugate to P/Q and fully normalized in J^/Q. So by Lemma [Ol R and R* are 
centric and radical in J-" if and only if P/Q and R*/Q are centric and radical in J-'/Q. Upon 
combining this with the above criterion for normality, we see that P < J-" if and only if 
P/Q < TIQ. □ 
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1.2. Background on linking systems. 

We next define abstract linking systems associated to a fusion system T . We use the 
definition given in |03] . which is more flexible in the choice of objects than the earlier 
definitions in |BL02] and |BCGLOT] . This definition also differs slightly from the one given 
in |BCGLUT| Definition 3.3], in that we include a choice of inclusion morphisms as part of 
the data in the linking system. All of these definitions are, however, equivalent, aside from 
having greater freedom in the choice of objects. 

For any finite group G and any S G Sylp(G'), let Ts{G) denote the transporter category of 
G\ the category whose objects are the subgroups of S", and where for all P,Q<S, 



MoTTsioiP, Q) = NciP, Q) = {geC] gPg-' < Q} . 

If "H is a set of subgroups of S, then Th{G) ^ Ts{G) denotes the full subcategory with object 
set "H. 

Definition 1.9 ( [U3[ Definition 3]). Let T be a fusion system over a finite p- group S . A 
linking system associated to T is a finite category C, together with a pair of functors 

ToHoiS) '—^ L ^—^7, 

satisfying the following conditions: 

(A) Ob(£) is a set of subgroups of S closed under J^- con jug acy and overgroups, and includes 
all subgroups which are -centric and -radical. Each object in C is isomorphic (in 
C) to one which is fully centralized in T . Also, 5 is the identity on objects, and n is 
the inclusion on objects. For each P,Q E Oh{C) such that P is fully centralized in 
T , Cs{P) acts freely on Motc{P,Q) via 6p and right composition, and ttp^q induces a 
bijection 

MoTc{P,Q)/Cs{P) ^Hom^(P,Q) . 

(B) For each P,Q E Ob(£) and each g G Ns{P,Q), tcp^q sends dp^qi^g) G Mor£(P, Q) to 
Cg G Homj-(P,Q). 

(C) For all ip G Mor£(P, Q) and all g E P, the diagram 

P^^Q 

Sp{9) SQ(nmg)) 

I 

P^^Q 

commutes in C. 

If C* is another linking system associated to J-" with the same set of objects as C, then an 
isomorphism of linking systems is an isomorphism of categories C — C* which commutes 
with the structural functors: those coming from Toh{c){S) and those going to T . 

A p-local finite group is defined to be a triple {S,J-',C), where J-" is a saturated fusion 
system over a finite p-group S, and where £ is a centric linking system associated to J-" (i.e., 
one whose objects are the J^-centric subgroups of S). 

For P < Q in Ob(£), we usually write Lp = 6p^q{1), and regard this as the "inclusion" 
of P into Q. The definition in IBCGLOTl Definition 3.3] of a (quasicentric) linking system 
does not include these inclusions, but it is explained there how to choose inclusions in a 
way so that a functor 6: 7ob(£)('S') > C can be defined in a unique way with the above 
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properties ( |BCGLOT| Lemma 3.7]). Note also that because the above definition includes a 
choice of inclusions, condition (D)q in |BCGL01] Definition 3.3] is not needed here. 

We have defined linking systems to be as fiexible as possible in the choice of objects, but 
one cannot avoid completely discussing quasicentric subgroups in this context. 

Definition 1.10. (a) For any finite group G, a p-subgroup P < G is G-quasicentric if 
0^\Gg{P)) has order prime top. 

(b) For any fusion system T over a finite p-group S, a subgroup P < S is J-'-quasicentric if 
for each P* which is fully centralized in J-" and J-'-conjugate to P, Gjr{P*) is the fusion 
system of the p-group Cs{P*)- Equivalently, for each Q < P*-Gs{P*) containing P*, 
{a G Autjr{Q) I a\p* = Id} is a p-group. 

For any saturated fusion system J^, the set of J-'-quasicentric subgroups is closed under 
J-'-conjugacy and overgroups. So a quasicentric linking system as defined in |BCGLUT| § 3] 
is a linking system in the sense defined here. 

Fix a finite group G and S G Sylp(G'), and set J-' = J^s{G). Then a subgroup P < S* is 
G-quasicentric if and only if it is J-'-quasicentric. For any set Ti of G-quasicentric subgroups 
of S, define C^iG) to be the category with object set and where for each P,Qe'H, 

Mor^^(G)(P,g) = NGiP,Q)/O^PiGGiP)). 

Composition is well defined, since for each g G Ng{P,Q), g^^Qg > P, so g^^CG{Q)g < 
Cg{P), and thus g~^OP{GG{Q))g < Op{Cg{P)). When n is closed under J^-conjugacy and 
overgroups and contains all subgroups of S which are J^-centric and J-'-radical, then C^{G) 
is a linking system associated to J-". When "H is the set of J-'-centric subgroups of S", we write 
C%{G)=C'^{G). 

Proposition 1.11. The following hold for any linking system L associated to a saturated 
fusion system T over a finite p-group S . 

(a) For each P,Q E Ob(£), the subgroup E{P) =^ Ker[Aut£(P) )■ Autjr(P)] acts freely 

on Mor£(P, Q) via right composition, and tcp^q induces a bisection 

MoTciP,Q)/E{P) ^ Hom^(P,g) . 

(b) For every morphism ip G Motc{P,Q), and every Po,Qo G Ob(£) such that Pq < P, 
Qo < Q, and 7r('?/')(Po) < Qq, there is a unique morphism '0|po,Qo ^ Mor£(Po,Qo) ('the 
"restriction" of ip) such that ip o Lp^ = Lq^ o V'Ipo.Qo- 

(b') For each P,Q E Ob(£) and each ip G Mor£(P, Q), if we set Qq = tt{iP){P), then there 
is a unique ipo G Iso£(P, Qo) such that ip = Lq^ o ipQ. 

(c) The functor 6 is infective on all morphism sets. 

(d) //P G Ob(£) IS fully normalized m 7, then bp{Ns{P)) G Sylp(Aut£(P)). 

(e) Let P, Q,P,Q e Ob(£) and tp G Mor£(P, Q) be such that P <P, Q <Q, and for each 
g E P there is h E Q such that tgoipo 6p{g) = 5^^^{h) o ip. Then there is a unique 
morphism ip G Mor£(P, Q) such that ip\p^Q = ip. 

(f) All morphisms in C are monomorphisms and epimorphisms in the categorical sense. 

(g) All objects in C are J-" -quasicentric. 
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Proof. See |03t Proposition 4]. Point (b') is a special case of (b), where iIjq = iIj\p,Qo is an 
isomorphism by (a). □ 

We will also have use for the following "linking system version" of Alperin's fusion theorem. 

Theorem 1.12. For any saturated fusion system T over a finite p- group S and any linking 
system L associated to J-', each morphism in C is a composite of restrictions of automor- 
phisms in Aut£(P), where P is fully normalized in J-', -centric, and -radical. 

Proof. Using Theorem 11.31 together with Proposition 11.111 (a). we are reduced to proving the 

theorem for automorphisms in E[P) = Ker[Aut£(P) > Antjr[P)] for P G Ob(£). If P 

is fully centralized, then E{P) = {Sp{g) \ g G Cs{P)} by axiom (A), and each element Sp{g) 
is the restriction of Ss{g) G Aut£(S'). If P is arbitrary, and Q is fully centralized in J-' and 
J-'-conjugate to P, then there is some ip G lsoc{P,Q) which satisfies the conclusion of the 
theorem (choose any (f G Isojr(P, Q), write it as a composite of restrictions of automorphisms, 
and lift each of those automorphisms to C). Then each element of E{P) has the form 
'ip~^6Q{g)ip for some g G Cs{Q), and hence satisfies the conclusion of the theorem. □ 



1.3. Automorphisms of fusion and linking systems. 

Recall that for any linking system C associated to a fusion system J-" over S, and any 
pair P < Q of objects in £, the inclusion of P into Q is the morphism = (5pq(1) G 
MoTc{P,Q)- By Proposition ILllT bO. each morphism in C splits uniquely as the composite 
of an isomorphism followed by an inclusion. 

As usual, an equivalence of small categories is a functor $ : C > T> which induces a 

bijection between the sets of isomorphism classes of objects and bijections between each pair 
of morphism sets. It is not hard to see that for each such equivalence, there is an "inverse" 

\I' : T> Y C such that both composites $ o \1/ and \1/ o $ are naturally isomorphic to the 

identities. In particular, the quotient monoid Out(C) of all self equivalences of C modulo 
natural isomorphisms of functors is a group. 

Definition 1.13 ( |BL02t §8]). Let he a saturated fusion system over a finite p-group S, 
and let C he a linking system associated to T . 

(a) An automorphism /3 G Aut(S') is fusion preserving if for each P,Q < S and each 
V? G Homj-(P, Q), (/3|q,/3(q))v5(/3|p,/3(p))"-^ lies m Homj-(/3(P), /^(Q)). In particular, each 
such (3 normalizes Autjr(S'). Let Aut(S', J-") he the group of all fusion preserving auto- 
morphisms of S, and set Out(S', J-") = Aut(S', J-')/Autj-(S'). Note that Out(S', J-") is a 
sub quotient of Out (S). 

(b) An equivalence of categories a: C ?- C is isotypical if a{6p{P)) = 6a(p){a{P)) for 

each P G Ob(£). 

(c) Let Outtyp(£) he the group of classes of isotypical self equivalences of C modulo natural 
isomorphisms of functors. 

(d) Let Aut[yp(£) he the group of isotypical equivalences of C which send inclusions to 
inclusions. 

Since Out(£) is a group by the above remarks, and is finite since Mor(£) is finite, Outtyp(£) 
is a submonoid of a finite group and hence itself a group. Another proof of this, as well as 
a proof that Aut[ (£) is a group, will be given in Lemma [1.141 
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One of the main results in |BL02] (Theorem 8.1) says that for any p-local finite group 
{S,J-',C), Outtyp(£) = Out(|£|p): the group of homotopy classes of self homotopy equiva- 
lences of \C\p. This helps to explain the importance of Outtyp(£), among other groups of 
automorphisms of {S, J-", C) which we might have chosen. 

The next lemma gives an alternative description of Outtyp(£), and also of Out(G) — 
descriptions which will be useful later. For each C associated to J-" over S, and each 7 G 
Aut£(S'), let G Aut[yp(£) be the automorphism which sends P G Ob(£) to 7(-P) = 
7r(7)(P), and sends ^ Mor£(P, Q) to (7|q,7(q)) oip o (7|p,^(p))~^. This is clearly isotypical, 
since for (7 G P G Ob(£), c^{6p{g)) = 5^(p)(7r(7)((yf)) by axiom (C). For P < Q in Ob(£), 

sends to i^|p| by definition of restriction, and thus G Auttyp(£). 

Lemma 1.14. (a) For any saturated fusion system T over a finite p-group S, and any 
linking system C associated to T , the sequence 

1 > Z[T) > Aut£(S) ^""'^ > Aut[yp(£) > Outtyp(£) > 1 

is exact. All elements o/Aut[yp(£) are automorphisms of C, and hence Antlyp{C) and 
Outtyp(£) are both groups. 

(b) For any finite group G and any S G Sj\p{G), the sequence 

1 > Z{G) > Ng{S) > Aut(G, S) y Out(G) > 1 

is exact, where Aut(G', S) = {a G Aut(G') | a{S) = S}. 

Proof, (a) Each equivalence of C (isotypical or not) sends S to itself, since 5" is the only 
object which is the target of morphisms from all other objects. 

If a G Aut[yp(£), then for each P G Ob(£), ap^s sends if, to ''f(p), and ap sends 6p{P) 
to 6a{p){ci{P))- Hence as sends Ss{P) to 6s{ci{P)), and thus determines the action of a on 
Ob(£). In particular, a permutes the objects of £ bijectively, and hence is an automorphism 
of C. This proves that Aut[yp(£) is a group; and that Outtyp(£) is also a group if the above 
sequence is exact. 

We next show that each isotypical equivalence a : C > C is naturally isomorphic to 

an isotypical equivalence which sends inclusions to inclusions. For each P G Oh{C), let 
a{Lp) = i^(p-) ou{P) be the unique decomposition of a(tp) as a composite of an isomorphism 
a;(P) G Iso£(a(P), /3(P)) followed by an inclusion (Proposition ll.lll fb^)). In particular, 
u}{S) = Id. Let (3 be the automorphism of C which on objects sends P to /3{P), and which 
on morphisms sends ip G Mor£(P, Q) to uj{Q) o a{ip) o u{P)~^ in Motc{/3{P), f3{Q)). Then 
/3 is isotypical by axiom (C) (and since a is isotypical); it sends inclusions to inclusions by 
construction (and since uj{S) = Id); and w(— ) defines a natural isomorphism from a to /3. 

This proves that the natural homomorphism from Aut[yp(£) to Outtyp(£) is onto. If 
a G Aut[yp(£) is in the kernel, then it is naturally isomorphic to the identity, via some w(— ) 
which consists of isomorphisms uj{P) G Iso£(P, a(P)) such that for each ip G Mor£(P, Q), 
a{ip) o w(P) = u{Q) oip. Since a sends ip to '-f(p), i^(-P) = i^(5')|p,a(p), and thus a is 
conjugation by uj{S) G Aut£(S'). 

Conversely, if 7 G Aut£(5'), then is naturally isomorphic to Id^, by the natural isomor- 
phism which sends P G Ob(£) to 7|p,7r(7)(P)- This finishes the proof that the above sequence 
is exact at Aut[yp(£). 

It remains to show, for 7 G Aut£(S'), that = Id^ if and only if 7 G 6s{Z{J')). If = Id, 
then since ■jSs{g)'j^^ = Ss{g) for all g G S, 71(7) = Ids by axiom (C), and 7 G 6s{Z{S)) 
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by (A). So assume 7 = Ss{a) for some a G Z{S). By Proposition 11.11( e) (and axiom (C) 
again), 7 commutes with a morphism ip G Morc{P,Q) if and only if ip extends to some 
ip G Mor£((P, a), {Q,a)) such that 7i{ip){a) = a. Thus = Id^ if and only if a G Z{J^). 
This finishes the proof that the sequence in (a) is exact. 

(b) The natural homomorphism from Aut(G', S) to Out(G) is onto by the Frattini argument 
(the Sylow p-subgroups of G are permuted transitively by inner automorphisms). The kernel 
of that map clearly consists of conjugation by elements of Ng{S). □ 

In particular, the group Aut[yp(£) defined here is the same as that defined in [03] . where 
it was defined explicitly as a group of automorphisms of C rather than of equivalences. 

The next lemma describes how elements of Aut[yp(£) induce automorphisms of the as- 
sociated fusion system. For (3 G Aut(5', J-"), let G Aut(J^) be the automorphism of the 
category which sends P < 5 to f3{P), and sends (p G Mor(J^) to (3(pf3~^. 

Lemma 1.15 ( |03t Proposition 6]). Let C be a linking system associated to a saturated 
fusion system T over a finite p-group S, with structure functors Toh{c){S) — ^ C — J-'. 
Fix a G Aut(yp(£). Let (3 G Aut(S') be such that a{5s{g)) = Ssi(3{g)) for all g E S. Then 
13 G Aut(5, T), a{P) = I3{P) for P G Ob(£), and n o a = 0,3 o n. 

Proof. See |03t Proposition 6]. The relation a{P) = P{P) is not in the statement of the 
proposition, but it is shown in its proof. It is really part of the statement no a = cpon (since 
TT is the inclusion on objects). □ 

Lemma [1.151 motivates the following definition. For any saturated fusion system J-" over a 
finite p-group S, and any linking system £ associated to J-", define 



by setting Jlcic^) = o as o Ss G Aut(S') for a G Aut(yp(£). By Lemma ri.l5[ Im(/l£) < 
Aut(S', J-"). For 7 G Aut£(S'), Jlc{c-y) = 71(7) G Autjr(5') by axiom (C) in Definition 11.91 So 
by Lemma [1.14( a). Jlc induces a homomorphism 



by sending the class of a to that of /i£(a). When C = C^{G) for some finite group G and 
some set of objects l-i, we write Jiq = Jlc and fiQ = fic for short. When C = C^i^) the 
centric linking system, we write Jlc = Jlc and fie = ^J'C■ 

Lemma 1.16. For any linking system C associated to a saturated fusion system T , Ker(yU£) 
is a finite p-group. 

Proof. Assume J-" is a fusion system over the finite p-group 5*. Since £ is a finite category, 
Aut[yp(£) and Outtyp(£) are finite groups. So it suffices to prove that each element of 
Ker(/i£) has p-power order. 

Fix a G Aut[yp(£) such that [a] G Ker(/i£). Thus Jlcict) E Autjr(S'), and Jlc{oi) = vr(7) 
for some 7 G Aut£(S'). So upon replacing a by o a, we can assume a G Ker(/l£). 

Thus 05 1 53(5) = Id. Since a sends inclusions to inclusions, ap\sp[p) = Id for all P G Ob(£). 
For each P and each ip G Aut£(P), ip and a{ip) have the same conjugation action on 6p{P), 
so ip~^a{ip) E CAut£(P)(^p(-P)) < ^p{Z{P))- Hence a{ip) = ipSp{g) for some g G Z{P), and 
a^[ilj) = ipSplg^) for all k since a is the identity on 5p{P). 

Choose m > such that g^"^ = 1 for all g E S. Then a^"" is the identity on Aut£(P) for 
each P G Ob(£), and hence (by Theorem I1.12p is the identity on £. □ 



Aut[yp(£) 



> Aut(S, J^) 



lie - Outtyp(£) 



> Out (5, F) 
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The kernel of /i£ will be studied much more closely in Proposition 14.21 

Since we will need to work with linking systems with different sets of objects associated 
to the same fusion system, it will be important to know they have the same automorphisms. 

Lemma 1.17. Fix a saturated fusion system T over a finite p- group S . Let Co ^ C be a 
pair of linking systems associated to T . Set "Hq = Ob(£o) ^^^^^ = Ob(£), and assume 
TLq C are both Aut{S, J-") -invariant. Then restriction defines an isomorphism 

Outtyp(£) — - — > Outtyp(£o)- 

Proof. Using Proposition 11.11( a). one sees that Cq must be a full subcategory of C Set 
V = %^%o. We can assume, by induction on [Hi — jT^ol, that all subgroups in V have the 
same order. Thus all morphisms in C between subgroups in V are isomorphisms. 

Since I-Lq is Aut(5', J-')-invariant and Cq is a full subcategory, there is a well defined re- 
striction homomorphism 

Aut[,p(/:)-^Aut[,p(£o). 
By assumption, T-Lq contains all subgroups which are J-'-centric and J-'-radical. Hence The- 
orem 11.121 implies that all morphisms in C are composites of restrictions of morphisms in 
Cq. Since each a G Aut(yp(£) sends inclusions to inclusions, it also sends restrictions to 
restrictions, and hence a\cQ = Id^^ only if a = Id^. Thus Res is injective. We next show it 
is surjective, and hence an isomorphism. 

Let P^, C P be a subset consisting of one fully normalized subgroup from each J^-conjugacy 
class in V. For each P e 5p{Ns{P)) e Sylp(Aut£(P)) by Proposition [Lmd), so there 

is a unique P < Ns{P) such that 6p{P) = Op{Autc{P))- Since P ^ Hq, P is either not 
J-'-centric or not J-'-radical. In either case, P ^ P by Lemma [1.41 By Proposition ILllT e). 
each x(j e Aut£(P) extends to a unique automorphism G Aut£(P). 

Let u: V )■ be the map which sends P to the unique subgroup z^(P) G which 

is J^-conjugate to P. For each P G "P, 5yi^p){N s{v{P))) G Sylp(Aut£(z/(P))) by Proposition 
11.11( d) (and since ^{P) is fully normalized), and hence there is Ap G Iso£(P, i^{P)) such that 

Xp6p{Ns{P))Xp' < 6,^p){Ns{u{P))) . 

By Proposition 11.1 1( e) again, Ap extends to a unique Ap G Mor£(A^5(P), A^5'(z/(P))). When 
P G (so i^(P) = P), we set Ap = Idp, and hence Ap = Id7v<,(p). 

Fix any G Aut[yp(£o)i we want to extend ao to C. By Lemma [1.15^ induces some 
13 G Aut(^,J^), and ao(^) = l3iP) for all P G "Ho- So define a(P) = /3(P) for P G "H; this 
is possible since "H is Aut(S', J-") -invariant by assumption. By Lemma [1.151 again, for each 
P, Q G "Ho and each ip G Mor£,)(P, Q), 7i{ao{ip)) = Ci3{n{ip)) = f3{n{ilj))(3~^. In other words, 

^ G Mor£„ (P,Q), geP, n{^){g) = heQ^ 7r(ao(^))(/3((7)) = m ■ (1) 

We next define a on isomorphisms between subgroups in V. Fix Pi,P2 G V and ip G 
Iso£(Pi,P2), and set P^ = z^(Pi) = i^{P2)- There is a unique ip^: G Aut£(P*) such that 
ijj = oip^: o Apj , and we set 

a{llj) = (ao(Ap2)U(P2),a(P,)) ^ o («o(V^*)U(P*),a(P.)) ° ("o(Api)U(Pi),a(P,)) • 

Note that Ap^, Xp^, and ip^, are all in Mor(£o)) since all subgroups strictly containing sub- 
groups in V are in T-Lq = Ob(£o) by assumption. Also, the restrictions are well defined (for 
example, 7r(ao(ApJ)(a(^'i)) = aiP*)) by 
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Each morphism in £ not in Co factors uniquely as an isomorphism between subgroups 
in V followed by an inclusion (Proposition ll.llT b^)). and thus these definitions extend to 
define a as a map from Mor(£) to itself. This clearly preserves composition of isomorphisms 
between subgroups in V. To prove that a is a functor, it remains to show it preserves 
composites of inclusions followed by isomorphisms in Cq. This means showing, for each 
Pi,P2 € V, each Pi ^ Qi, and each ip G Iso£(Pi,P2) which extends to Lp E Motco{Qi,Q2), 
that a{ip) = ao{ip)\a{Pi),a{P2)- Since Nq.^Pi) ^ Pi, we can assume Pi < Qi for i = 1,2. Set 
= z/(Pi) = i^(P2) again, and set Ri = n{Xp-){Qi) ^ P^. Then P^ < Ri since Pj < Qi. 
We saw that tjj factors in a unique way = Xj,^ o tp^ o Xp^ for -ip* E Ant c{P*). We also 

have (f = Xpl o o Xp^, where Xp^ = Xp^\q^^r^ and (p^ G Mor£o(Pi, Ps)- Thus ao(ApJ is a 
restriction of ao(ApJ {i = 1,2), and hence an extension of a{Xp.). 

It remains to show a{ip^) is the restriction of ao{(p^). By definition, «(■?/'*) is the restriction 
to a(P*) of ao{'(p:^), where G Aut£(P*). Set Tj = (P*,Pj). By Proposition 11.11( e). 
since ip^ G Aut£(P*) extends to tp^ G Aut£(P*) and to ip^ G Mor£(Pi,P2), there is Lp^ G 
Mor£(Ti,T2) which extends both and y^^,. Hence ao(^*) extends both ao(V'*) and ao(v2*) 
(all of these are in Co), and thus a{ip^) is a restriction of each of the latter. This finishes 
the proof that a is a functor. By construction, a is isotypical, sends inclusions to inclusions, 
and extends cto; and thus Res is surjective. 

We have now shown that restriction defines an isomorphism from Autjyp(£) to Aut(yp(£o)- 
By Lemma fl. 14( a). the outer automorphism groups of C and Co are defined by dividing out 
by conjugation by elements of Aut£(S'). Hence the induced homomorphism 

Ft 

Outtyp(£) > Outtyp(£o) 

is also an isomorphism. □ 



1.4. Normal fusion subsystems. 

Let J-" be a saturated fusion system over a finite p-group S. By a (saturated) fusion 
subsystem of J-" over a subgroup Sq < S, we mean a subcategory -T-q C whose objects are 
the subgroups of 5*0, and which is itself a (saturated) fusion system over 5*0. 

The following definition of a normal fusion subsystem is equivalent to that of Puig |Pg2[ 
§6.4], and also to Aschbacher's definition of an J-'-invariant subsystem |Asch[ §3] (except 
that they do not require the subsystem to be saturated). See |Pg2[ Proposition 6.6] and 
|Asch[ Theorem 3.3] for proofs of those equivalences. 

Definition 1.18. Let be a saturated fusion system over a finite p- group S, and let J^q C 
be a saturated fusion subsystem over Sq < S . Then J-'q is normal in J-" (J^o ^ J^) if 

(i) 5*0 is strongly closed in T ; 

(ii) for each P,Q < Sq and each (p> G Hom_7r(P, Q), there are a G Aut 77(5*0) and ipo ^ 
Homjrjj(a(P), Q) such that ip = ipo ° «|p,a(p); and 

(iii) for each P,Q < Sq, each (p G Homjr^^P, Q) , and each P3 G Autj-(S'o), P^^P^^^ G 
Hom^„(/3(P),/3(Q)). 

We next list some of the basic properties of normal fusion subsystems, starting with the 
following technical result. 

Lemma 1.19. Fix a saturated fusion system T over a finite p-group S . Let To ^ be 
a fusion subsystem (not necessarily saturated) over the subgroup Sq < S, which satisfies 
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conditions (i-iii) in Definition \1.18\ . Assume Pq < Sq is J-'o-centric and fully normalized 
in T , and Out5,)(Po) l~l OpiQvXj^^iPo)) = 1. Then there is P < S which is J^-centric and 
-radical and such that P fl 5*0 = Pq ■ 



If X e P n 5*0, then G Op(Autj-(Po)) n Autjr„(Po) = Op(Autjrg(Po)) (Autjrg(Po) is normal 
in Autjr(Po) by I1.18( ii-iii)). so Cx G Aut5Q(Po) fl Op(Autjr(,(Po)) = Inn(Po), and x G Pq since 
Po is J^o-centric. Thus P fl 5*0 = Pq. 

By construction, Ns{P) = Ns{Po). So if Q if J-'-conjugate to P and Qo = Q ^ Sq, then 
\Ns{Q)\ < |A^5(Qo)| < |A^5(^o)| = \Ns{P) \ since Po is fully normahzed in J" and J^-conjugate 
to Qq. This proves that P is fully normalized in J-'. 

Now, Auts'(Po) > Op(Autjr(Po)) since Pq is fully normalized in J^. So Autp(Po) = 
Op(Autjr(Po)), and hence this is normal in Autjr(Po). By the extension axiom, the restric- 
tion homomorphism Autjr(P) > Autjr(Po) is surjective, and thus sends Op(Autj-(P)) 

into Op(Aut^(Po)). So for all x G Ns{P) such that G Op(Autj-(P)), G Op(Autj-(Po)), 
and hence x G P. Since P is fully normalized, it is J-'-centric and J-'-radical by Lemma 



The following is our main lemma listing properties of normal pairs of fusion systems. 
Recall that Op (J-") is the largest normal p-subgroup of the fusion system J-". 

Lemma 1.20. Fix a saturated fusion system J-" over a finite p-group S , and let J-'o < J-" be 
a normal fusion subsystem over the normal subgroup Sq < S . Then the following hold. 

(a) Each J^-conjugacy class contains a subgroup P < S such that P and P (1 So are both 
fully normalized in T , and P (1 Sq is fully normalized in J-q. 

(b) For each P,Q<So and each ip G Isojr(P, Q), (/^Autj-g (P)(y9^^ = Aut j^^^Q). 

(c) The set of J^o-centric subgroups of Sq, and the set of J^Q-radical subgroups of Sq, are 
both invariant under J^-conjugacy. 

(d) If P < S is J^-centric and J^-radical, then P (1 So is J^Q-centric and J-'o-radical. Con- 
versely, if Pq < ^0 is J^Q-centric, J^Q-radical, and fully normalized in T , then there is 
P < S which is -centric and T -radical, and such that P fl 5*0 = Pq- 

(e) Op(J-o) is normal in T , and Op(J-o) = Op(J-') fl Sq. 

Proof. Throughout the proof, whenever P < 5, we write Pq = P H Sq for short. 

(a) Fix Q < S. By |BLU2l Proposition A.2(b)], there are subgroups R < S and Pq < 
5*0 which are fully normalized in J-", and morphisms (f G Homjr(A^5'(Q), A^5'(P)) and ip G 
Hom^(iV5(Po), A^5(^o)) such that <p{Q) = R and V^(Po) = ^o- Set P = ij{R) (note that 
P n 5*0 = Pq since 5*0 is strongly closed). Since Ns{R) < Ns{Ro), P is also fully normalized 
in J^. Also, P = ijj o (p{Q) is J-'-conjugate to Q. 

By [BLU21 Proposition A. 2(b)] again, if Pq* is J-'-conjugate to Pq, then there is a morphism 
in J" from Ns{Pq) to Ns{Po) which sends Pq* to Pq. In particular, |iV5o(Po*)| < I^So(^o)|, 
and hence Pq is also fully normalized in J-q. 

(b) Fix P,Q < So and (f G lsojr{P,Q). By condition (ii) in Definition I1.18[ there are 
a G Autjr(S'o) and ipo G Isojrj,(a(P), Q) such that ip = ipQ o a\p^a{P)- Hence 



Proof. Set 



P = {xe NsiPo) I G Op(Aut^(Po))} . 



□ 



^Aut^,{P)^ 



V9oAutj-o(a(P))v9| 



'0^ 



Aut^,(g) , 
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where the first equahty holds by condition (iii) in Definition 11.181 

(c) Fix P < So, let V be the J-'-conjugacy class of P, and let Vq be its J-Q-conjugacy class. 

If P is J'o-centric, then Cso{P*) = Z{P*) for all P* E Vq. For all R e V, there is a e 
Autj-(S'o) such that a{R) G Vq (condition (ii) in Definition II. 18p . and hence Cso{R) = Z{R). 
Since this holds for all subgroups in V, all of these subgroups are J-Q-centric. 

Now assume P is J'o-radical; then Op(Outjro(P*)) = 1 for all P* e Vq. If ReV, and a e 
Autj-(5'o) is such that a{R) G Vq, then by condition (iii) in Definition II. 18^ conjugation by 
a sends Outjro(-R) < Outjr(-R) isomorphically to Outj-g(a(i?)). Since Op(Outjr^ («(/?))) = 1, 
Op(Outjr(,(_R)) = 1. So all subgroups in V are J-Q-radical. 

(d) The second statement was shown in Lemma [1.191 It remains to prove the first. 

Assume P is J-'-centric and J-'-radical. We must show that Pq is J-Q-centric and J-Q-radical. 
By (c), this is independent of the choice of P in its J-'-conjugacy class, and hence by (a), 
it suffices to prove it when Pq is fully normalized in J-q. By (b), Autjry(Po) is normal in 
Autjr(Po), and hence 

Op(Aut^,(^o)) < Op(Aut^(Po)) . 

Let T be the subgroup of all x G Nso{Po) such that G Op(Autjrg(Po)). If x G Tn A^5(P), 
then Cx G Op(Autjr(Po)), and induces the identity on P/Pq since [x, P] < Pfl [Sq, P] < Pq. 
Thus Cx G Op(Autjr(P)) by Lemma 11.61 and x G P by Lemma 11.41 since P is centric and 
radical in J-". 

Thus T n Ns{P) < Pq. Also, P normalizes T by construction, so T < Pq by Lemma [1.71 
Hence Pq is centric and radical in J-q by Lemma 11.41 again. 

(e) Set Q = Op(J-o) and R = Op{J^) for short. To prove that Q < J-^ and Rq = Q, it suffices 
to show that Q < J-' and Rq < J-q. We apply Proposition 11.51 which says that a subgroup is 
normal in a saturated fusion system if and only if it is strongly closed and contained in all 
subgroups which are centric and radical. Since an intersection of strongly closed subgroups 
is strongly closed, Rq is strongly closed in and hence in J^q. 

If P < 5 is J^-centric and J-'-radical, then Pq is J-Q-centric and J-Q-radical by (d), so 
P > Pq > Q- If Pq is J-Q-centric and J-Q-radical, then the same holds for each subgroup in 
its J-'-conjugacy class by (c). So by (d), there is P* < S" which is J^-centric and J-'-radical 
with Pq* J^-conjugate to Pq; P* > R, and hence Pq* and Pq both contain Pq. 

It remains to prove that Q is strongly closed in J-". Fix J-'-conjugate elements g,h E S such 
that g E Q; we must show h E Q. Since Sq is strongly closed in (since J^o ^ J^), h E Sq. 
Fix ip E lsojr{{g), (h)) with ^^(^f) = h. Since J-q < J-", there are morphisms x ^ Autjr(5'o) 

and !fo e Isoj-o((5(), such that if =_X° fo- Then g' = !fo{g) e Q, and h = xig')- 

The invariance condition (iii) in Definition 11.181 implies that x sends a normal subgroup of 
J-Q to another normal subgroup. Thus x{Q)'Q is also normal in J^o, so x{Q) = Q since Q is 
the largest subgroup of Sq normal in J^q, and thus h = xW) & Q- D 

We now turn to the specific examples of normal fusion subsystems which we work with 
in this paper. We first look at those of p-power index and of index prime to p. Two other 
definitions are first needed. For any saturated fusion system J^, the focal subgroup foc(J-') 
and the hyperfocal subgroup l)t)p{J^) are defined by 

foc(J') = (s"4 \s,t E S and J'-conjugate) = {s'^a{s) \ s E P < S, a E Autj-(P)) 
f)t^p(jr) = {s-^a{s) \seP<S, aE OP(Aut^(P))) . 
Note that in |BCGLU2j . we wrote O^S) = i)t)p{J^)- 
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The following definition also includes many fusion subsystems which are not normal. 

Definition 1.21 ( |BCGL02l Definition 3.1]). Let T be a saturated fusion system over a 
finite p- group S , and let J-'q O be a saturated fusion subsystem over a subgroup Sq < S . 

(a) J^o has p-power index in T if f)r)p(J^) < Sq < S , and kxA,j^{P) > 0^(Autjr(P)) for all 
P<So. 

(b) J^o has index prime to p in if Sq = S, and Aut jr^^{P) > (AutjF(P)) for all P < S. 

Recall that despite the terminology, these are not analogous to subgroups of a finite group 
of p-power index or index prime to p. Instead, they are analogous to subgroups which contain 
a normal subgroup having appropriate index. 

The following theorem gives a complete description of all such fusion subsystems. 

Theorem 1.22 ( |BCGL02| Theorems 4.3 & 5.4]). The following hold for any saturated 
fusion system T over a finite p- group S . 

(a) For each subgroup So < S containing the hyperfocal subgroup f)t)p(J-'), there is a unique 
fusion subsystem J-q over Sq of p-power index in J-'. Thus T contains a proper fusion 
subsystem of p-power index if and only if f)r)p(J^) ^ S , or equivalently foc(J-') ^ 5*. 

(b) There is a subgroup T < OutjF(S') with the following properties. For each subsystem 
J-Q C o/ index prime to p, Out jr^{S) > T. Conversely, for each H < OutjF(S') 
containing T, there is a unique subsystem J^o of index prime to p with Outjrg(S') = 
H. 

Proof The only part not shown in |BCGL02] is that f)r)p(J') ^ S implies foc(J') ^ S. By 
Theorem II. 3[ 

foc(J') = (s~^a(s) \ s e P < S, P fully normalized in J", a e Autj-(P)) . 

Since Autj-(P) = 0^(Autjr(P))-Aut5(P) when P is fully normalized, and since s~^a{s) G 
[S,S] when s G P and a e Aut5(P), we have foc(J^) = i)t)p{T)-[S, S]. Also, i)t)p{T) < S 
implies there is Q < S such that [S:Q] = p and f)r)p(J-') < Q. Then [S, S] < Q since S/Q is 
abehan, and hence foc(J-') < Q ^ S. □ 

One can show, in the situation of Theorem \1.22\ that a fusion subsystem of p-power 
index is normal in J-" exactly when its underlying p-group is normal in S, and that a fusion 
subsystem J-'q C of index prime to p is normal in J-" exactly when Autjrp(S') is normal in 
Autjr(5'). But in fact, we will only be concerned here (in Proposition ll.25( a.b)) with the 
minimal such fusion subsystems, defined as follows. 

Definition 1.23. For any saturated fusion system T over a finite p-group S , 0^{T) and 
Of (J^) denote the unique minimal saturated fusion subsystems of p-power index over i)t)p{J^), 
or of index prime to p over S , respectively. 

We next recall the definitions of the normalizer fusion systems N^{Q) (cf. |Pg2 [ §2.8] or 
|BL02l Definitions A.l, A.3]). For any group G, any subgroup Q < G, and any K < Aut{Q), 
define 

N§iQ) = {9eNG{Q)\cg\QeK}. 

For example, Nq^^^^\Q) = Ng{Q) is the usual normalizer, and Nq'^\Q) = Cg{Q) is the 
centralizer. 

Let J-" be a saturated fusion system over a finite p-group S, and fix Q < S and K < 
Aut(Q). We say Q is fully K -normalized if for each Q* which is J-'-conjugate to Q and each 
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^ e Iso^(g,g*), \N^{Q)\ > IN^^"^' {Q*)\. Let N^{Q) be the fusion system over N^{Q) 
defined by setting, for all P,R< iVf (Q), 

Hom^K(Q)(P, R) = {ipe Hom^(P, i?) | 3 ^ e Hom^(PQ, PQ), 

^\p = ^iQ) = e K} . 



As special cases, C^(Q) = iV>'^^(Q) and iV^(g) = A/'|^"'^'^^(Q). By [Pg2l Proposition 2.15] 



or |BL02t Proposition A. 6], if Q is fully fC-normalized in J-", then N^{Q) is a saturated 
fusion system. If 7^ > Inn(Q), then Q is normal in Np{Q) by definition. 

This construction is motivated by the following proposition. 

Proposition 1.24. Fix a finite group G and S G Sylp(G'), and set T = J-'siG). For Q < S 
and K < Knti^Q), Q is fully K -normalized in T if and only if Ng{Q) G Sylp(Ai'^((5)). 
When this is the case, then N^{Q) = J^j^k^^q^{Nq{Q)). 

Proof. Fix any T G Sylp(Ai"^(Q)). Since T normalizes Q, TQ is a p-group, and hence there 
is a G G such that a{TQ)a~'^ < S. Set Q* = aQa~^, ip = Ca e lsojr{Q,Q*), and K* = 
ipKif-^ < Aut(Q*). Then aTa'^ G Sjl^^iNf [Q*)) and aTa-^ < S, so aTa~^ = Nf{Q*). 
It follows that Q* is fully fr*-normalized in J-"; and also that Q is fully /^-normalized if and 
only if \N^m = |T|, if and only if N^{Q) G Syl,(Arf (Q)). 

Now assume Q is fully /sT-normalized. Set = (Q), Ng = N§ (Q), and Ns = N^{Q) 
for short, and fix P, P < A^^. If ip E HomAr^(P, P), then it extends to some (f = Cg E 
Homjr(PQ, RQ) such that ip{Q) = Q and E K, so g E Nq, and ip = Cg E HomArg(P, P). 
This proves that Hom^r^ (P,P) C Hom^vQ (P,P). The opposite inclusion is clear, and thus 
N^ = J^^^{Ng). □ 

We now give some examples of normal fusion subsystems: examples which will be impor- 
tant later in the paper. The most obvious example is the inclusion J^SoiGo) ^ -^siG) when 
Go < G are finite groups and Sq = S H Gq, but this case will be handled later (Proposition 

OH). 

Proposition 1.25. The following hold for any saturated fusion system T over a finite p- 
group S. 

(a) OP{J^) < T. 

(b) OP'(J^) < 7. 

(c) For each Q < and each K < Aut(Q), (Q) < T. 

Proof. (a,b) The subsystem O^' {J^) is a fusion system over S, which is clearly strongly 
closed. The subsystem O^(J^) is a fusion system over the hyperfocal subgroup 

f)l^p(jr) = (s-ia(s) \sEP<S,aE OP(Aut^(P))). 

We claim f)r)p(J-') is also strongly closed in J^. By Theorem 11.31 it suffices to show, for each 
P < S fully normalized in J^, that P fl f)r)p(J^) is Autj-(P)-invariant. Since Aut5(P) G 
Sylp(Aut^(P)), Aut^(P) is generated by Aut5(P) and OP(Aut^(P)). Finally, Pnf)l)p(J^) is 
Auts(P)-invariant since {ir)p(J-') < 5* and is 0*'(AutjF(P))-invariant by definition of f}r)p(J-'), 
and this proves the claim. 

Condition (ii) in Definition 11.181 holds for these two subsystems by Lemma 3.4 and Propo- 
sition 3.8(b,c) in |BCGL02j . Condition (iii) (invariance under conjugation by elements of 



AutjF(S'o)) follows from |BCGL02| Theorems 4.3 & 5.4]: O^(J^) is the unique saturated 
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fusion subsystem over f)r)p(J-') of p-power index in T ^ and O^' {J^) is the unique saturated 
fusion subsystem over S with its given AutQp'(jr)(S'), of index prime to p in F. 

(c) Assume g,h E S are J-'-conjugate. Since Q < J^, there is ip E Homjr(((5, g), {Q, h)) such 
that ip{g) = h and ^p{Q) = Q. Set (po = fig E Autjr(Q). Then Ch = cpoCgifQ^ in Autjr(Q). 
Since K < Aut(Q), g E Nf{Q) (i.e., Cg E K) if and only ii h E N§(q). This proves that 
Ng{Q) is strongly closed in J^. 

Set Autf (g) = Kr} KvXsiQ) and Autf (Q) = K n Aut^(g). Fix P,R < N^{Q) and 
ip E Homjr(P, i?). Since Q < J^, there is (p E Homjr(QP, Qi?) such that i^|p = ip and 
^(Q) = Q. Set (/?o = ^Iq E Aut^(Q). Since K < Aut(Q) and Ants{Q) E Sylp(Aut^(g)), 
Autg{Q) E Sylp(Aut;^((5))- Since ipoAutg {Q)(Pq^ is contained in Aut;^(Q) (again since K 
is normal), there is x ^ Ant^{Q) such that 

(x^o)Autf (Q)(x^o)-' = Autf(g) . 
By the extension axiom, there is ^ G }iom jr (N g {Q)-Q, S) such that Lp\g = xfo- Further- 
more, ip{Ng{Q)) = Ng{Q) since x^o normalizes Aut5 (Q). 

Set Pi = ^(P), = ^o(^|pq^Pjq)-i e Hom^(Pi(5, RQ), and ip = ^|pi,p. Then -iplg = X~\ 
so ip E Hom^K(Q)(Pi, P), and ip = ifj oip\p^p^. This proves condition (ii) in Definition 11.181 
The last condition — the subsystem {Q) is invariant under conjugation by elements of 
Aut^(A^f (Q)) — is clear. □ 

We just showed that 0^'{J-') is normal in J-' for any J-'. The following lemma can be 
thought of as a "converse" to this. 

Lemma 1.26. Assume J^q < is a normal pair of fusion systems over the same finite 
p-group S . Then has index prime to p in J-", and thus J-q ^ (J-"). 

Proof. If P,Q < S are J-'-conjugate, then by condition (ii) in Definition I1.18[ P is J-q- 
conjugate to a{Q) for some a E Autj-(S'). Since \Ns{Q)\ = \Ns{a{Q))\, this shows that P 
is fully normalized in J-q if and only if it is fully normalized in J-". 

If P < 5* is fully normalized in J-q (and hence in J-"), then Autjro(P) contains Aut5'(P) E 
Sylp(Autjr(P)). Also, since Autjro(P) is normal in Autjr(P) by Lemma fl. 20( b). Autjry(P) 
contains (Aut^(P)). Since this property depends only on the isomorphism class of P in 
J-Q, it holds for all P < S. So J-q has index prime to p in J-" by Definition 11.21( b). □ 

1.5. Normal linking subsystems. 

The following definition of a normal linking subsystem seems to be the most appropriate 
one for our needs here; it is also the one used in [03j. In the following definition (and 
elsewhere), whenever we say that £o ^ is a pair of linking systems associated to J-q C 
(or Cq is a linking subsystem), it is understood not only that Cq is a subcategory of £, 
but also that the structural functors for Cq are the restrictions of the structural functors 
ToHoiS) C for C. 

Definition 1.27. Fix a pair of saturated fusion systems J-q C over finite p-groups Sq ^ S 
such that J^o ^ J^, and let Co ^ be a pair of associated linking systems. Then Cq is normal 
in C (Cq < C) if 

(i) Ob(i:) = {P<5|Pn5oGOb(£o)}; 

(ii) for all P,Q E Ob(£o) O'lT'd ip E Moic{P,Q), there are morphisms 7 E Aut£(S'o) and 
ipQ E MoTco{^{P),Q) such that ip = ipQ o7|p,^(p); and 
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(iii) for all 7 G Aut£(So) and ip e Mor(£o), 7^7"^ G Mor(£o)- 

Here, forP,Qe Ob(£o), and^e Motc,{P,Q), we write -f{P) = 7i{^){P), 7(g) = 7c{^){Q), 
and 

7^7-1 = 7|q,7(Q) (7|p,7(P))~^ e Mor£(7(P),7(Q)) 
for short. For any such pair Co ^ C, the quotient group C/Cq is defined by setting 

C/Co = Antc{So)/Antc,{So). 

Also, Cq is centric in L if for each 7 G Aut£(S'o)\Aut£o(S'o), there is ip ^ Mor(£o) such 
that ■yipj"'^ 7^ tp. 

In the situation of Definition 11.271 we will sometimes say that Cq < C is a normal pair of 
linking systems associated to J-q < J-", or just that {Sq, J-q, £0) ^ {S, J-", £) is a normal pair. 

One source of normal pairs of linking systems is a normal pair of finite groups; at least, 
under certain conditions. 

Proposition 1.28. Fix a pair Gq < G of finite groups, choose S G Sylp(G'), and set Sq = 
5 n Go G Sylp(Go). Then J^So{Go) < J-'s{G). Assume in addition that 1-Lq and T-L are sets 
of subgroups of So and S, respectively, such that C^°{Go) and C^{G) are linking systems 
associated to J^Soi^o) ^'^^ ^s{G), and such that Ti = {P < S \ P H Sq G Tio}- Then 
C'^:iGo)<C^iG). 

Proof. Fix P,Q < Sq and g G Ng{P,Q)- Then gSog~^ is another Sylow p-subgroup of Go, 
so there is some h ^ Go such that {h^^g)So{h^^g)^^ = Sq. Set a = h^^g; thus g = ha 
where a G Ng{So) and h G Go. Thus Cg = Ch o Ca & HomG(P, Q), where Ca G AutG(>S'o) 
and Ch G Hom^o (aPa~^, Q). This proves condition (ii) in the definition of a normal fusion 
system; and condition (ii) in Definition 11.271 follows in a similar way. The other conditions 
clearly hold. □ 

When (S'o,J-o,£o) ^ {S,J-',C) is a normal pair, then for each 7 G Aut£(S'o), we let 
G Aut(£o) denote the automorphism which sends P to 7(-P) = 71(7) (P) and sends ^ 
Mor£(,(P, Q) to (7|q,7(q)) oip o (7|p,^(p))^-'^. The next lemma describes how to tell, in terms 
only of the fusion system J^, whether or not cs[g) = Idc^ foTg^S{6 = 6so)- 

When £ is a linking system associated to J-", and A < J^, we say that an automorphism 
a of £ is the identity modulo A if for each P,Q & Ob(£) which contain A and each G 
Mor£(P, Q), a{P) = P, a{Q) = Q, and a{ip) = ip o 6p{a) for some a E A. 

Lemma 1.29. Let {Sq, J-'o, Cq) < {S,J^,C) be a normal pair such that all objects in C are 
-centric. Fix A < J'q. Then for g e S, cs{g) G Aut(£o) is the identity modulo A if 
and only if [g,So] < A, and for each P,Q < Sq and ip G MoTjrg{P,Q), (p extends to some 
If G MoTjr{{PA,g), {QA,g)) such that Ip{g) G gA. 

Proof. Fix g E S. Set 7 = Ssgig) and B = {g, A) for short. 

Assume c-^ G Aut(£o) is the identity modulo A. Then [g,So] < A since [7,^50 (■5)] ^ 
Sso{A) for s E Sq (and 63^ is injective by Proposition 11.11( c)). Since J-q is generated by 
morphisms between objects of £0 which contain A (by Theorem 11.31 and Proposition 11.51 
and since A < J-q), it suffices to prove the extension property for such morphisms. Fix 
P,Q E Ob(£o) such that A < P and A < Q, fix ip E Homjro(P, Q), and choose a lifting of ip 
to ip E Mor£Q(P, Q). By assumption, Sqi^g) o ip o 6p{g)~^ = ip o 6p{a) for some a E A. So by 

Proposition 11.11( e). there is a unique morphism ip E Motc{PB,QB) such that iplp^q = ip, 
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and Sgsig) o ip o 6pB{ag) ^ = ip hj the uniqueness of the extension. Set ip = n^ip); then 
(p G Homjr(PS, QB), (f\p = ip, and ^(a(?) = g (so ip{g) G gA) by axiom (C). 

Now assume [g, Sq] < A, and g has the above extension property: each ip G HomjrQ(P, Q) 
extends to ^ G }lomjr(PB,QB) such that ip{g) G gA. We claim G Aut(£o) is the 
identity modulo A. Since [(7, 6*0] < A, gPg~^ = P for all P G Ob(£o) which contain 
A. Fix '?/' G Mor£(j(P, Q), where A < P, Q. By assumption, TT{tp) extends to some ip G 
Homj-(PP,QP) such that ip{g) G 5-^, and this lifts to e Motc{PB,QB). Since P is 
J^-centric, i^\p^Q = ° Sp{x) for some x G Z{P). Upon replacing by ° '^p_B(a^)~^ and ip 
by ^ o c~^, we can assume '?/'|p,q = V^. By axiom (C), the conjugation action of Ss{g) fixes ip 
modulo 6pb{A), and hence G Aut(£o) sends ip into ■?/' o 6p{A). □ 

The next lemma describes another way to construct normal pairs of linking systems. 

Lemma 1.30. Fix a normal pair of fusion systems J-q < J-" over p- groups Sq < S. Let Ho 
be a set of subgroups of Sq such that 

• Ho is closed under T-conjugacy and overgroups, and contains all subgroups of Sq which 

are J^o-centric and To-radical; and 

• 1-L'= {P < S \ P n So E Ho} is contained in the set of J^- centric subgroups. 

Assume T has an associated centric linking system . Let C be the full subcategory 

with object set H. Let Co C be the subcategory with object set Ho, where for P,Q E Ho, 

Moic,{P, Q) = e Mor£(P, Q) \ 7r(^) G Hom^„(^, Q)} ■ (2) 

Then Co ^ C is a normal pair of linking systems associated to J-'g < J-". For any such pair 
Co ^ C with Ob(£o) = Ho and Ob(£) = H, Co is centric in C. 

Proof. Since Ob(£) is closed under J^-conjugacy and under overgroups, and contains all 
subgroups which are J-'-centric and J-'-radical by Lemma IL20( d) and the assumptions on 
Ho, £ is a linking system associated to J-". Since all objects in Co are J^-centric, they are 
also J-Q-centric, and hence fully centralized in J-'o- Axiom (A) for Co thus follows from axiom 
(A) for C, together with the assumptions on Ho = Ob(£o)- Axioms (B) and (C) for Co 
follow immediately from those for C, and £0 is thus a linking system associated to J-q. 

Condition (i) in Definition 11.271 holds by assumption, while conditions (ii) and (iii) follow 
from ([2]) and since J-q is normal in J-". Thus Co ^ C. 

Fix any such pair Co ^ C associated to J-'o ^ J-^. Assume 7 G Aut£(S'o) is such that 
^ip'j'^ = Ip for each ip G Mor(£o)- Since 'y{6so{g))l'^ = ^So{''^{l){g)) g ^ So hy axiom 
(C) for the linking system C, 71(7) = Idsg. Since So G Ho is J-'-centric, this means that 
7 = ^Soi^) fo'^ some z G Z{So), and in particular, that 7 G Aut£(,(S'o). So Co is centric in 
C. □ 

We now list the examples of normal pairs of linking systems which motivated Definition 
ll.27[ and which we need to refer to later. 

Proposition 1.31. Let J-" be a saturated fusion system over the finite p- group S, let J-'o ^ J^ 

be a normal fusion subsystem over So ^ S, and let Ho be a set of subgroups of So. Assume 
that J-" has an associated centric linking system , and that one of the following three 
conditions holds. 

(a) J^o = 'S'o = l)t)p{J-'), and Ho is the set of J^o-centric subgroups of So. 

(b) J-'o = OP'{J-'), So = S, and Ho is the set of J-'o- centric subgroups of So- 
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(c) For some normal p- subgroup Q ^ and some normal subgroup K < Aut(Q) containing 
Inn(Q), J^Q = N^{Q), Sq = Ng{Q), andUo is the set of all J'q- centric subgroups of Sq 
which contain Q. 

Set % = {P < S \ P n So G 'Ho}- Then there is a normal pair of linking systems Co 1^ C 
associated to J-q < J-" with Ob(£o) = ond Ob(£) = l-i. For any such normal pair Co ^ C, 
Co is centric in C in cases (b) and (c), and in case (a) if Z{J^) = 1. Furthermore, in cases 
(a) and (b), and in case (c) if Q = Op{J^) and K = Inn(Q), Tio is Aut{So, J^o)-i''T'Vciriant, % 
is Ant {S, J-') -invariant, and Co ^ C can be chosen such that Co is Antlyp(C) -invariant. 

Proof. In all cases, J-q ^ by Proposition ll.25[ Also, "Ho is Aut (So, J-q) -invariant and "H is 
Aut(S', J-')-invariant: this is clear in cases (a) and (b), and holds in case (c) when Q = Op{J-') 
(since Q = Op(J-o) by Lemma fl ■20( e)). 

(a) Set So = flW(-F), J^o = Op{J^), and Ho = Ob(J5). By |BCGLU2l Theorem 4.3(a)], 
a subgroup of So is J-Q-quasicentric if and only if it is J-'-quasicentric. In particular, every 
J-Q-centric subgroup of 5*0 is J-'-quasicentric and hence all subgroups in Ti are J-'-quasicentric. 
By Lemma n. 20( d). T-L contains all subgroups which are J-'-centric and J-'-radical. By Lemma 
11.20( c). Tio is closed under J^-conjugacy, so Ti is closed under J^-conjugacy (and it is clearly 
closed under overgroups). Hence if ^ is the quasicentric linking system which contains 
constructed in |BCGLUT| Proposition 3.4], then the full subcategory C <^ with object 
set Ti is also a linking system associated to J-". 

By [BCGL02| Proposition 2.4], there is a unique map A: Mor(£'') > S/So which sends 

composites to products and inclusions in to the identity, and such that X{6s{g)) = [g] for 
all g E S. By |BCGL02l Theorem 3.9], there is a p-local finite group {So, J^q, Co) where for 
P,QeOh{Co), 

MoTc,{P, Q) = {^pe Moro(P, Q) I A(^) = 1} . (3) 

Furthermore, J-'g is constructed using |BCGL02l Proposition 3.8] (cf. the proof of |BCGL02| 
Theorem 3.9]), and hence (by part (b) of that proposition) it has p-power index in J^. Thus 
J-'o = J^o by Theorem 11.22( a). 

Now, Ob(£o) = 'Ho since Co is a centric linking system. Condition (i) in Definition 11.271 
holds for Co C hy definition of "H, condition (iii) (7^07"^ = -^o for 7 G Aut£(S'o)) holds 
by construction, and condition (ii) holds since A 1 5^,^(5) is surjective. So Co ^ C. 

We next check that £0 is Aut(yp(£)-invariant. Fix a G Aut[yp(£) and set /3 = Jic{oi) G 
Aut(S', J-"). Then /3(S'o) = So since 5*0 = f)r)p(J-'), and [3\so G Aut(5'o, J-q) by the uniqueness 
of J-Q (Theorem 11.22( a) again). Since a{P) = (3{P) for P G Ob(£o) (Lemma 11.151) . a sends 
Ob(£o) = 'Ho to itself. By Lemma [T.17t a = a\c for some a G Aut[yp(£^), Aoa = /3oA (where 

/3 G Aut(S'/S'o) is induced by /3) by the uniqueness of A, and hence a(Mor(£o)) = Mor(£o) 
by ©. 

Now let £0 ^ be any normal pair of linking systems associated to J-q < J-" with these 
objects. Assume Z{J^) = 1; we must show Co is centric in C. Assume 7 G Aut£(S'o) is such 
that 'jtp'j-'^ = V for each G Mor(£o)- Since 7('^So(5'))7^^ = Sso{t^{i){9)) for fi- G 5*0 by 
axiom (C) for the linking system C, 7r(7) = Id^^. So by axiom (A) (and since Sq is fully 
centralized in J^), 7 = Sso{h) for some h G C5'(5'o). 

Let H < Cs{So) be the subgroup of all h such that the conjugation action of Sso{h) on 
Co is trivial. The p-group C/Cq = Aut£(S'o)/Aut£|,(S'o) acts on Sso{H) = H hj conjugation. 
Let Ho be the fixed subgroup of this action. Note that Ho < Z{S) since Ho is fixed by 
^So{S) < Aut£(5'o). Fix h G Ho, and set 7 = Ss{h). Let ■y{P) and jipj'^ be as in Definition 
071 but this time for all P G Ob(£) and ip G Mor(£). For P G Ob(£), 7(P) = hPh-^ = P. 
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Also, ■yip'l~^ = for all G Aut£(S'o) by definition of Hq, ^ip^y'^ = ip ior tp E Mor(£o) 
by definition of H, and hence conjugation by 7 is the identity on morphisms in C between 
subgroups in "Hq by condition (ii) in Definition 11.271 By Proposition 11.11( f). for each P,Qe 
H, the restriction map from Motc{P,Q) to Mor£(P fl S'o,Q fl Sq) is injective, and hence 
jip'j'^ = ip for all ip G Mor£(P, Q). Thus conjugation by 7 = 5s{h) is the identity on £, and 
so h E Z{J^) = 1 by Lemma [1.14( a). Since iJo = 1 is the fixed subgroup of an action of the 
p-group C/Co on the p-group H, H = 1, and so Cq is centric in £. 

(b) Set To = Op\T). By |BCGL02l Proposition 3.8(c)], a sub group of S is J-Q-centric if 
and only if it is J^-centric. So upon letting "Ho = H be the set of all J^-centric subgroups 
of the hypotheses of Lemma 11.301 are satisfied. By the lemma, there is a normal pair 
Co < C oi linking systems associated to J^o ^ with object set 1-io = and for any such 
pair, Co is centric in C. By the explicit description of Co (formula ([2]) in Lemma ri.30p . £0 
is Aut[yp(£)-invariant. 

(c) Fix g < and Inn(Q) <K< Aut(Q), and set 5*0 = N^{Q) and Fo = N^{Q). Let 
T-Lo be the set of all J-Q-centric subgroups of So which contain Q. We first check that all 
subgroups in 7{ = {P < S\Pr\So E l-Lo} are J-'-centric; it suffices to show this for subgroups 
in 1-io. By Lemma fl. 20( c) (and since Fo ^ the set of J-Q-centric subgroups, and hence 
also the set 1-Lo, are closed under J^-conjugacy. For each P G "Ho, Cs{P) < Cs{Q) < 5*0 since 
P > Q, and hence Cs{P) = Cso{P) = Z{P) since P is J-Q-centric. Since this holds for all 
subgroups J-'-conjugate to P, we conclude that P is J^-centric. 

We just saw that "Ho is closed under J^-conjugacy, and it is clearly closed under over- 
groups. Since Q < J-q, each subgroup of So which is J-Q-centric and J-Q-radical contains Q 
by Proposition II. 5[ and thus lies in "Ho- So by Lemma [1.30[ there is a normal pair Co ^ C 
of linking systems associated to J-q < J-" with object sets I-Lq and "H, and for any such pair, 
Co is centric in C. HQ = Op{F) and K = Inn((5), then Q = Op{J^o) by Lemma [1.20( e). and 
so J-Q is Aut(S', J-')-invariant. Hence Co is Aut[yp(£)-invariant by the explicit description of 
Co in Lemma [1.30[ □ 



2. Reduced fusion systems and tame fusion systems 

Throughout this section, p denotes a fixed prime, and we work with fusion systems over 
finite p-groups. We first define reduced fusion systems and the reduction of a fusion system. 
We then define tame fusion systems, and prove that a reduced fusion system is tame if every 
saturated fusion system which reduces to it is realizable (Theorem [B]). We then make a 
digression to look at the existence of linking systems in certain situations, before proving 
that all fusion systems whose reduction is tame are realizable (Theorem [Aj). We thus end up 
with a way to "detect" exotic fusion systems in general while looking only at reduced fusion 
systems. 

2.1. Reduced fusion systems and reductions of fusion systems. 

We begin with the definition of a reduced fusion system, and the reduction of an (arbitrary) 
fusion system. See Proposition 11.81 and the discussion before that for the definition and 
properties of quotient fusion systems. 

Definition 2.1. A reduced fusion system is a saturated fusion system T such that 

• T has no nontrivial normal p-subgroups, 

• T has no proper normal subsystem of p-power index, and 
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• T has no proper normal subsystem of index prime to p. 

Equivalently, T is reduced ij Op[T) = 1, 0^{F) = J-', and O^' {F) = J-'. 

For any saturated fusion system T , the reduction of T is the fusion system reO(J-') defined 
as follows. Set J-q = Cjr{Op{J^))/Z{Op{J-')), and let J'q ^ J^i ^ J^2 ^ ■ ■ ■ 1^ J^m be such that 
Ti = OP(J-'j_i) if i is odd, Ti = (J^i^i) if i is even, and O^^J^rn) = (J^m) = J^m- Then 

Fix any J-", and set Q = Op{J^) for short. By definition of centralizer fusion systems, every 
morphism in Cjr{Q) extends to a morphism in J-" which is the identity on Q, and hence to a 
morphism in Cjr{Q) which is the identity on Z{Q). This proves that Z{Q) is always central 
in Cjr{Q), and hence that J-q = Cjr{Q)/Z{Q) is well defined as a fusion system. 

What is important in the last part of the definition of tec) (J-") is that we give an explicit 
procedure for successively applying 0^(— ) and (— ), starting with J-q, until neither makes 
the fusion system any smaller. It seems likely that the final result rcc)(J-') is independent of 
the order in which we apply these reductions, but we have not shown this, and do not need 
to know it when proving the results in this section. 

Clearly, for these definitions to make sense, we want re5(J-') to always be reduced. 
Proposition 2.2. The reduction of any saturated fusion system is reduced. 

For later reference, we also state the following, more technical result, which will be proven 
together with Proposition 12.21 

Lemma 2.3. Let J-" be a saturated fusion system. Set Q = Op{J^) and J-q = Cjr{Q)/Z{Q). 
Let J-Q ^ J-*! ^ ■ • • ^ J-m = teD(J-') be such that for each i, Ti = 0^(J-i_i) or Ti = 0^'(J-i_i). 
Then Op{J-'i) = 1 for each < i < m. 

Proof. Fix J-", and let Q < and the J-^ be as above. Since Cjr{Q) ^ by Proposition 
\UMc). Op{C^{Q)) < Op{J^) = Q by Lemma OHKe). Hence Op(Cj-(Q)) = Z{Q). We 
just saw that Z{Q) is central in Cjr{Q). So by Proposition IL8[ a subgroup P/Z{Q) < 
Cs{Q)/Z{Q) is normal in Cr{Q)/Z{Q) only if P < C^{Q). Thus Op(J'o) = Z{Q)/Z{Q) = 1. 

By definition, OP(reO(J^)) = O^' {xtd{J^)) = rec)(J^). By Proposition 05](a,b), J^i < Ti^x 
for each i>\. So by Lemma fl. 20( e) again, Op{Ti) = 1 if Op{Ti-\) = 1. Since Op(J-o) = 1, 
this proves that Op{J^i) = 1 for each i. In particular, Op{tcd{J^)) = 1, and hence tcd{J-') is 
reduced. □ 

A saturated fusion system J-" is constrained if there is a normal subgroup Q ^ T which is 
JT-centric (cf. [BCGLUll §4]). 

Proposition 2.4. For any saturated fusion system T , re^(J-') = 1 (the fusion system over 
the trivial group) if and only if T is constrained. 

Proof. If J-" is constrained, then clearly ret) (J-") = 1. Conversely, assume J-" is a fusion system 
over a finite p-group S such that ttd{J^) = 1. Set Q = Op{F) and J-q = Cjr{Q)/Z{Q). 
If J-Q = 1, then Cjr{Q) is a fusion system over Z{Q), and hence Cs{Q) = Z{Q). So Q is 
J-'-centric, and hence J-" is constrained in this case. 

If J-Q 7^ 1, then there is a sequence of fusion subsystems 1 = J-'m ^ J^m-i ^ ■ ■ ■ ^ -^o 
such that for each i, J^i+i = O^^J-'i) or J^j+i = {J^i}- By Lemma [2l3| Op{J^i) = 1 for each 
< i < m. Since J-'m-i 7^ 1, it is a fusion system over a p-group Sm-i 7^ 1, so (J^m-i) 7^ 1 
(it is over the same p-group), which implies O^^J^m-i) = 1- Thus P)t)p(J-^m-i) = 1 by 
Definition 11.21( a). so there are no nontrivial automorphisms of order prime to p in J-'m-i, 
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and Tm-\ is the fusion system of the p-group Sm-x- This is impossible, since it would imply 
Op(J-m-i) = 7^ 1, and we conclude J-q = 1. □ 

2.2. Tame fusion systems and the proof of Theorem [Bl 

Assume T = J^s{G) for some finite group G with S G Sylp(G'). Let be an Aut(G', 5)- 

invariant set of G-quasicentric subgroups of S such that £ = is a linking system 

associated to J-" (i.e. "H is closed under overgroups and contains all J^-centric J^-radical 
subgroups). Define the homomorphism 

^g:Aut(G, S) > Aut[yp(/:) 

as follows. For /3 G Ant{G,S), sends P to /3(P) and sends [a] E MoTciP,Q) (for 

aeNGiP,Q))to [/5(a)]. 

For any g G Ng{S), Kq sends Cg G Aut(G, 5) to C[g] G Aut[yp(£), where [(7] G Aut£(5') is 
the class of g. Thus by Lemma [1.14[ Kq induces a homomorphism 

K^: Out(G') > Outtyp(£) 

by sending the class of (3 to the class of k^(/3). When C = JCfgiG) is the centric linking 
system of G, we write Hg = ^g = i^g ^'^^ short. 

Note that when = J^s{G) and C = £5 (G) as above, J1g°''^g '■ Aut(G, S) )■ Aut(5', J-") 

is the restriction homomorphism. 

Definition 2.5. A saturated fusion system J-" over S is tame if there is a finite group G 
which satisfies: 

• S e Sylp(G) and T ^ J^s{G); and 

• Kg - Out(G) > Outtyp(£^(G)) is split surjective. 

In this situation, we say J-" is tamely realized by G. 

The condition that kg be split surjective was chosen since, as we will see shortly, that 
is what is needed in the proof of Theorem [Bl In contrast. Theorem |X] would still be true 
(with essentially the same proof) if we replaced "split surjective" by "an isomorphism" in 
the above definition. 

By Lemma [1.171 Outtyp(£|(G)) = 0uttyp(£5 (G)) for any Aut(S', J-')-invariant set of ob- 
jects T-L (which satisfies the conditions for C'^iG) to be a linking system). Hence Ker(fi;^) = 
Ker(fi;G), and is (split) surjective if and only if is. 

By [ BLOU Theorem B], hg is split surjective if and only if the natural map from Out(G) 
to 0\it{BGp) is split surjective, where Out(i?Gp) is the group of homotopy classes of self 
equivalences of BG^. So this gives another way to formulate the definition of tameness. 

It is natural to ask whether a tame fusion system J-" can always be realized by a finite 
group G such that is an isomorphism. We know of no counterexamples to this, but do 
not know how to prove it either. 

We are now ready to prove Theorem [B] every reduced fusion system which is not tame is 
the reduction of some exotic fusion system. This is basically a consequence of the definition 
of tameness, together with \03\ Theorem 9] which gives a general procedure for constructing 
extensions of linking systems. 

Theorem 2.6. Let T be a reduced fusion system which is not tame. Then there is an exotic 
fusion system J-" whose reduction is isomorphic to J-". 
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Proof. If J-" is itself exotic, then we take T = T . So assume T is the fusion system of a finite 
group, and hence that T has at least one associated centric linking system £. Assume £ 
is chosen such that |Outtyp(£)| is maximal among all centric linking systems associated to 
T . (All such linking systems are isomorphic to each other by |BL02l Proposition 3.1] and 
Theorem A in |01t 102] , but since those results use the classification of finite simple groups, 
we will not use them here.) Since T is not tame, it is not the fusion system of any finite 
group H for which is split surjective. 

Since ZiT^ = 1 (J^ is reduced), we can identify Aut£(5') as a normal subgroup of Aut[yp(£) 
via its conjugation action on L (Lemma 11.14( a)). Thus Outtyp(£) = Aut[yp(£)/Aut£(S'). 
Let A be any finite abelian p-group on which Outtyp(£) acts faithfully, and let 



v. Aut[yp(£) ^ Aut(A) 



denote the given action. Thus Ker(z/) = Aut£(5'). 

Set = A X 5* and = T [= Ta{A^ x ^)- We refer to the beginning of Section [3l 
or to |BL02t § 1], for the definition of the product of two fusion systems. Set Ci^ = A'x L: 
the centric linking system associated to J-q whose objects are the subgroups A x P < S'o for 
P G Ob(£), and where Mor£„(v4 x P, A x Q) = A x Mor£(P, Q). 

Set To = Aut£(,(S'o) = A x Aut£(S'). Set F = A x Autjyp(£): the semidirect product taken 
with respect to the action v of Aut[yp(£) on A. Thus Fq embeds as a normal subgroup of 
F, and F/Fq = Outtyp(£). To avoid confusion, an element G Aut£(5') will be written 
when regarded as an element of Fq ^ F. 

We claim the given F-action on £o satisfies the hypotheses of |03t Theorem 9]. This means 
checking that the following diagram commutes: 

A X Aut£(S) = Fo Aut[yp(£o) = Aut(yp(A x £) 



incl 



A X Aut[yp(£) = F ^ Aut(Fo) , 

where r sends (0,7) G A x Aut[yp(£) to (2/(7), 7) G Aut[yp(y4 x £). For V e Aut£(S'), 
j/(c^) = Id^, so r(a, c^) = (Id,c^), which shows that the upper triangle commutes. As for 
the lower triangle, for (a, 7) G F and (6, c^) G Fq, 

r(a,7)(6,c^) = (2/(7) (6), c^(^)) = (z/(7)(6)-a, c^(^) o7)(a,7)"^ = (a, 7)(6, c^)(a, 7)"^ 
(since c^(^) = 7 o o 7"^); and thus the lower triangle commutes. 

Fix S G Sylp(F). We identify = Op (Fq) (via (J^^), and hence < S. Since 
Cr(So) = Cv{A X S) = Cv,iA x S) = A x CAut,(5)(5) = ^ x Z{S) 
is a p-group, and since all objects in £0 are J-Q-centric by construction, |03t Theorem 9] 
shows that there exists a saturated fusion system T over S and an associated linking system 
L such that (S'o, J-q, £0) ^ (5', T , £) and Aut^(5'o) = F with the action on £0 given by r. In 
particular, 

Aut^(So) = Autr(^o) = {(z/(7),A^£(7)) | 7 e Aut[yp(£)} . (1) 

Assume T is realizable: the fusion system of a finite group G. Since A is central in J-'q, 
Op{Tq)IA is normal in T^jA = by Proposition 11.81 Since Op{J^) = 1 (J-" is reduced), this 

shows that Op(J-o) = A. By Lemma [1.20( e) we then get A < J^. By Proposition 11.241 we 

have J-" = J^-^{G) = J^^{N^{A)) . Upon replacing G by N^{A), we may assume A < G. 
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Set Go = C^{A) and G = Gq/A. Assume the following two statements hold: 

(i) A = Op{^) and C^{A) = J^o- 

(ii) The composite 

e: Aut^(A) = G/Go """^ > Out(G') > Outtyp(£|(G)) 

is inject ive. 

We now finish the proof of the theorem, assuming ([i]) and dH]). 

By d), G^{0p{^))/Z{0p{T)) = 7^1 A = 7. Since 0^[7) = Op'{7) = 7, this shows 

reO(^) = 7. Also, Sq = G^{A) e Sylp(C-(A)) since 7o = C^{A). Hence by Proposition 
Oil (applied with K = 1), 7o = G^{A) = 7soiG^{A)), and so 

7 = 7o/A = 7s,/a{Go/A) = 7s{G) . 

By condition (ii) in Definition 11.181 (applied to 7o ^7), and since A < 7 and A < Sq, each 
ip G Aut^(74) has the form ip = ip^ o a\A,A for some a G Autj.(S'o) = Autr(5'o) and some 
ifo G Ant jrfj{A). Also, Autjro(v4) = 1 by definition, and thus 

Aut^(A) = Autj(A) = Autr(A) ^ T/Tq ^ Outtyp(£) . 

So by dH]), there is a homomorphism s from Outtyp(£) to Out(G) such that kg°s is injective. 
Since C was chosen with |Outtyp(£)| maximal, ° ^ is an isomorphism, so is split 
surjective, contradicting the assumption that 7 is not tame. We conclude that 7 is exotic 
(and xtd{7) = 7). 

It remains to prove ^ and (jii]). 

Proof of (i): For each P G Ob(Z), = P n Sq E Ob(£o), so Pq = ^ x g for some 
Q < 5 which is J'-centric. Then C-(P) < G-^{A) = 5 n Cr(A) = 5 n Tq = 5o, so 
Cg{P) < A X Z{Q) < P. Since this holds for all subgroups J-'-conjugate to P, all objects in 
C are J^-centric. 

Set B = Op{7). We already saw that A = Op{7o)- Hence B n Sq = A by Lemma [1.20( e). 
Since B <S andSo< S, it follows that [B, Sq] < A. 

Since A < 7o and B < 7, each (f G Homjrj, (P, Q) can be extended to a morphism 
(fi G Hom^(PP,QP) such that i^\pA £ Homjr„(PA, QA) and "^(P) = P. Then = Id^- 
Hence for each g E B, g and ip{g) have the same conjugation action on A, and g~^ip{g) G 
Cb(A) = P n G-g{A) = BnSo = A. By Lemma [LSHl C5(<,) = r(55„(c/)) G Autt^yp(£o) is the 
identity modulo A, and thus g E Ahy definition of r. So P = Op{7) = A. 

Since G^{A) = Sq, 7o and G^{A) are both fusion systems over Sq. Also, J-q C G^{A) 
since A is central in 7o- To see that G^{A) = 7o, fix P, Q < 5'o and Lp G Hom(7_(^)(P, Q). 
By definition, ip extends to G liom^{AP,AQ) with ip{A) = A and ip\A = Id^. Since 
•^0 ^ condition (ii) in Definition 11.181 shows that there are a G Autj.(S'o) and ipo G 
}iomjr^{a{AP), AQ) such that Lp = Lfo o a\Ap,a{AP)- For each a G A, a{a) = (/Jq ""^(^(a)) = a, 
and thus a|A = Idyi- Hence 

ae{(3e Aut^(5o) | /3U = Wa} = {Id^} x Aut^(5) = Aut^„(5o) , 

where the first equality holds by (II]) (and since Jlc{Autc{S)) = Autjr(5')). Thus a G 
Autjrjj(S'o), so <^ G Mot{7q), and hence also ip G Mor(J7)). This proves that C^{A) = 7q. 
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Proof of (ii): Set 

C* = CUG), CI = C^;;{Go) = /:^„(Go), and a = C^iG) , 

where Hq = Oh{Co) and U = Ob(£). Note that {So, J^o, Q) < {S,^,C*) by Proposition 
11.281 Let cj : G )■ Aut(G') denote the conjugation action of G on G. Set 

H={ge N^iSo) I ^G(cj(^)) = Id^. } and T = HnS . 

We first claim T = A. By |BCGL02l Theorem 6.8], Cq/A is a centric hnking system 
associated to J^o/A = T . Hence the natural functor C^IA )■ £* (induced by the pro- 
jection Go G) is an isomorphism, since it commutes with the structure functors. So 

for (yf G S, (? G T if and only if C5(g) G Aut[yp(£Q) is the identity modulo A, in the sense 
of Lemma 11.291 We showed in the proof of (i) that each P G Ob(£*) = Ob(Z) is T- 
centric. Hence by Lemma ri.29[ applied to both normal pairs {Sq,Tq, Lq) < {S,J^,C) and 
{So, J-'o, CI) < {S,J-',C*), g G T if and only if cs(g) G Aut^yp(£o) is the identity modulo A; 

i.e., induces the identity on C. By definition of 5 < F = A x Aut^yp(£), this is the case 
exactly when g E A. 

Thus if is a normal subgroup of N^{So) whose intersection with its Sylow p-subgroup S 
is A. It follows that H/A has order prime to p. We claim that H < Go- Fix h E H of 
order prime to p. Then cj(/i) G Aut(G) acts via the identity on S = So/ A, so [h. So] < A. 
Hence by ([I]), Ch = (1^(7), Idg) G Aut^(S'o) for some 7 G Aut[yp(£) such that 7 G Ker(/X£). 
Since Ker(//£) is a p-group by Lemma [1.161 and h has order prime to p, 7 G Aut£(S'), so 
zy(7) = 1 G Aut(A), and h G Go- Thus H = Op{H)-A < Go- 

Fix g E G such that Cg E Ker(^). Recall we are only interested in g modulo C^{A) = Go- 
Since G = Go-N^{So) by the Frattini argument, we can assume g normalizes 5*0. Thus 
f^G{[ci{9)]) = 1 in Outtyp(£*), so KG{ci{9)) = c-y for some 7 G Aut^.^S"). Let h E Ng{S) 
be such that 7 = [h] and lift h to h E Ngo{So). Upon replacing g by h^^g, we can assume 
^G(cj(fi')) = Id/;*, and thus g E H < Gq. Hence Cg = Id^, ^ is injective, and this finishes the 
proof of ([n]) . □ 

2.3. Strongly tame fusion systems and linking systems for extensions. 

We are now ready to start working on the proof of Theorem |Al As stated in the introduc- 
tion, this proof uses the vanishing of certain higher limit groups, and through that depends 
on the classification of finite simple groups. In order to have a clean statement which does 
not depend on the classification (Theorem I2.20p . we first define a certain class of finite groups 
which in fact (using the classification) is shown to include all finite groups. 

The obstruction groups for the existence and uniqueness of centric linking systems asso- 
ciated to a given saturated fusion system are higher derived functors for inverse limits taken 
over the centric orbit category of the fusion system. We begin by defining this category. 

Definition 2.7. Let be a fusion system over a finite p-group S , and let J-"^ (1 be the 
full subcategory whose objects are the J^-centric subgroups of S - The centric orbit category 
0{J^'^) of is the category with Ob((9(J-'^)) = Ob(J-''^), and where 

Mora(^e)(P,Q) = Inn(Q)\Hom^(P, Q) 

for any pair of objects P,Q < S- In particular, Auto{T''){P) = Outjr(P) for each P- If 
J-Q C is any full subcategory, then O{j^o) denotes the full subcategory of 0{J^^) with the 
same objects as J-q. 
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We need the following technical result about higher limits over these orbit categories. 

Lemma 2.8. Let J-" be a saturated fusion system over a finite p-group S . Let "H C Ob(J-''^) 
be any subset which is closed under J^-conjugacy and overgroups, and let J^^ C J^'^ be the full 

subcategory with object set "H. Fix a functor F: 0{J-''^)°^ > Z(p)-mod. Assume, for each 

P G Ob(J-''^)\'H, that either Op{Ontjr[P)) ^ 1, or some element of order p in Outjr(P) acts 

trivially on F{P). Let Fq: C(J^^)°p > Z(p)-mod be the functor where Fo(P) = F(P) %f 

P G "H and Fq{P) = otherwise. Then 

^*(P)= ^*(Po)= ^*(P|o(^H)op) . 

oiT") oiT") o{r^) 

Proof. Let Pi C P be the subfunctor defined by setting Pi(P) = P(P) if P ^ "H and 
p^(P) = otherwise. Thus Pq = P/Pi. By [UH Lemma 2.3], ^^(^,^(Pi) = if certain 

graded groups A*(Out j-(P); P(P)) vanish for each P G Ob(J''')\7/. By |JMOl Proposition 
6.1(ii)], this is the case whenever Op(Outjr(P)) ^ 1, or some element of order p in Outjr(P) 
acts trivially on F{P). This proves the first isomorphism. 

For any category C, let C-mod be the category of contravariant functors from C to abelian 
groups. Let E be the functor "extension by zero" from 0{J^^)-vnod to 0{J^'^)-vnod. Since 
'H C Ob(J-''^) is closed under J^-conjugacy and overgroups, E is right adjoint to the restriction 
functor. Thus E sends injectives to injectives. So for $ in C(J^^)-mod, ^m^^^^^($) = 
^m^|,^^^(P($)). Since Pq = P(P|0(jr-H)op), the second isomorphism now follows. □ 

For any saturated fusion system over a finite p-group S, let 

Z^: 0{J^y > Z(p)-mod 

be the functor which sends an object P of J^'^ to Z{P) = Cs{P)- For each (p G Homjr(P, Q) 
in J'^, 

ZAm=V-'\ziQ): Z{Q) >ZiP). 

When = J-'s{G) for some finite group G and some S G Sylp((j'), and P" < G is a normal 
subgroup, we let C Zjr be the subfunctor which sends P to Z{P) n H = Zjr(P) fi H. 

The obstruction to the existence of a centric linking system associated to J-' lies in 
^m^|,^^^(Zjr), and the obstruction to its uniqueness lies in ^m^^jrc) (^J") [BL021 Proposi- 
tion 3.1]. The main results in [Ulj and |02j state that these groups vanish whenever J-" is 
the fusion system of a finite group G. 

Definition 2.9. Fix a prime p. 

(a) Let S^{p) be the class of all nonabelian finite simple groups L with the following property. 
For any finite group G, and any pair of subgroups H < K < G both normal in G such 
that K/H = L"^ for some m > 1, if we set T = J^siG) for some S G Sylp((ji'), then 

(b) Let &{p) be the class of all finite groups G all of whose nonabelian composition factors 
lie in S.{p). 

(c) A saturated fusion system T over a finite p-group S is strongly tame if it is tamely 
realizable by a group G & (3{p). 

We first show that by results in |Ulj and [02] . for each prime p, all nonabelian finite 
simple groups are in Hence all finite groups are in and all tame fusion systems 

are strongly tame. 
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Fix a finite group G with S G Sylp(G), and set J-" = J-'s{G). Let Op{G) be the p-subgroup 

orbit category of G as defined in |02] and |01] . Let Zq: Op{G)°P > Ab be the functor 

Zg{P) = Z{P) if P is J^-centric and Zg{P) = otherwise. For H < G, let C be 
the subfunctor Zg (P) = Z(P) n if P is J^-centric. By [Oil Lemma 2.1], for K < H < G 
both normal in G, ^m^^^^^(Z^/Z^) = ^im^ ^^^{Zq /Zq). In particular, Zjr and have 
the same higher limits. This allows us, in the proofs of the next theorem and lemma, to 
apply the results in |Ulj and [02j . which are all stated in terms of limits taken over Op{G). 

Theorem 2.10. For each prime p, the class il{p) contains all nonabelian finite simple groups, 
and the class C5(p) contains all finite groups. Hence all tame fusion systems are strongly tame. 

Proof. The last two statements follow immediately from the first one and the definitions. So 
we need only show that 2{p) contains all nonabelian finite simple groups. 

Assume p is odd. By [Oil Proposition 4.1] (and its proof), a nonabelian finite simple 
group L with S G Sylp(L) lies in £(p) if there is a subgroup Q < Xl{S) which is centric in 
S (i.e., CsiQ) < Q) and not Aut(L)-conjugate to any other subgroup of S. Here, Xl(S') 
is a certain subgroup of 5* defined in \01\ §§3-4]. By |01t Propositions 4.2-4.4] (and the 
classification theorem), all nonabelian finite simple groups have this property, and thus they 
all lie in S.{p). 

If p = 2, then by |02l Proposition 2.7], a nonabelian finite simple group L is contained in 
£(2) if it is contained in the class £^^(^2) defined in [02l Definition 2.8]. By [02l Theorems 
5.1, 6.2, 7.5, 8.13, & 9.1] and the classification theorem, all nonabelian finite simple groups 
are contained in £-^(2). □ 

Theorem I2.1UI together with Theorem I2.2UI will imply Theorem \^ From now on, for the 
rest of the section, we avoid using the classification theorem by assuming whenever necessary 
that our groups are in 35 (p) and applying the following lemma. 

Lemma 2.11. Fix a finite group G with Sylow subgroup S G Sylp(G'), and set T = J^s{G). 
Assume G G &{p). Then the following hold. 

(a) Assume G is a finite group with G < G. Fix S G Sylp(G') such that S = S (IG, and set 
7 = Tsi^)- Then ^'o(_^,)(^|) = /or « > 2. 

(b) IfG = GiX G2, then G G (5{p) if and only z/Gi,G2 G ©(p)- If H < G and G/H is 
p-solvable, then H & (S{p) if and only if G G (5{p). 

(c) Let C be a linking system associated to T such that all subgroups in "H =^ Ob(£) are 
T-centric. ThenC = C^{G). 

(d) The homomorphism fie'- Outtyp{Cg{G)) )■ Out(S', J-") defined in Section [Ol is sur- 

jective. 

Proof, (a) Let 1 = Go ^ Gi < ■ ■ ■ < Gm = G be a sequence of subgroups, all normal in 
G, such that for each r, Gr+i/Gr is a minimal nontrivial normal subgroup of G/Gr- By [G| 
Theorem 2.1.5], each quotient Gr+i/Gr is a product of simple groups isomorphic to each 
other. By ^ Proposition 2.2], if Gr+i/Gr is abelian, then ^*^^^,^(Z|'-+VZ|'-) = for 

all i > 1. Thus (a) follows immediately from the definition of £(p), together with the exact 
sequences 

{Zf /Zf ) > {Zf /Zf ) > {Zf jZf ) 

0{T'') 0(T'') 0(T'') 
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for allO<r<s<t<m and all i > 2. 

(b) The first statement is immediate, since a simple group is a composition factor of 
G = Gi X G2 if and only if it is a composition factor of Gi or of 6*2 • When H < G and 
G/H is p-solvable, then the only simple groups which could be composition factors of G but 
not of H are Gp and simple groups of order prime to p. So we need only show that every 
nonabelian simple group of order prime to p lies in 

Fix such a simple group L, and assume H < K < G (where H < G), and K/H = 
for some m. Set J-" = J^s{G) for some S G Sylp(G). Then = since KjH has order 

prime to p\ and thus L G 

(c,d) By (a), applied with G = G, ^im^|,^^^ (Zjr) = 0. So by |BLOH Theorem E], /i^ is 
onto. This proves (d). 

Now let £ be a linking system associated to J-", set 1-L = Ob(£), and assume Ti C Ob(J^'^). 
Since H contains all subgroups of 5* which are J-'-centric and J-'-radical, Op{Outjr{P)) ^ 1 for 
P G Ob(J-''^)\'H. By Lemma [278| ^im^^^^ ^ (Zjr | n( f«)°p ) = for z > 2 since ]^m^^^j-,^(Zr) = 0. 
So by the same argument as that used in the proof of [BLU21 Proposition 3.1], all linking 
systems associated to J-" with object set H are isomorphic. In particular, C = C^iG), and 
this proves (c). □ 

The following is the main technical result in this subsection, and will be needed in the 
proof of Theorem \^ Given J-q < J-" satisfying certain technical assumptions, and given a 
linking system £0 associated to J-q, we want to find £ associated to F such that £0 ^ £• 
It is natural to ask why this cannot be done using jQ3[ Theorem 9], where conditions are 
explicitly set up to construct extensions of fusion and linking systems. There seem to be two 
difficulties with that approach. First, the hypotheses of Proposition 12.121 are very different 
from those in |03j . and it is not clear how to convert from the one to the other. But more 
seriously, even if one does manage to do that and construct an extension (J^', £') of (J-q, £0), 
it is not clear how to prove that J-"' = J-"; i.e., that £' really is a linking system associated to 



Proposition 2.12. Let T be a saturated fusion system over a finite p-group S, and let 
J^o < be a normal fusion subsystem over So < S. Assume J-q is strongly tame; and either 



(c) J-Q = (Q) for some Q ^ T and some K < Aut((5) containing \mi{Q). 
Then there is a centric linking system associated to T . 

Proof. In all cases (a), (b), and (c), J^o ^ by Proposition II. 25[ 

Since J-q is strongly tame, we can choose a finite group Go ^ 'S(p) such that So G Sylp(G'o), 
J-Q = J^So{Go), and is split surjective. We first claim that 



As noted in Section 12.21 this composite is defined by restriction. Since Go G 'S(p), yUco 
is surjective by Lemma 12.11( d). Also, is split surjective by assumption. Thus ev- 
ery element of Out(S'o, J-q) = Aut(S'o, J-o)/AutGo(5'o) extends to an element of Out(Go) = 
Aut(Go5 'S'o)/Aut7VG (So){Go), and hence the map in (j2]) is onto. 



(a) I'o 

(b) To 



OP{J^), or 
QP'iT), or 



fJ'Go ° I^Go '■ Aut(Go7 'S'o) 



■> Aut(S'o, J-q) is onto. 



(2) 
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Define 

A = {a e Aut(Go, So) \ a\s, E Aut^(5o)} . 
We just showed that every element in Autjr(S'o) is the restriction of some element in A. Fix 
Sa € Sylp(A) which surjects onto Auts'(S'o) under the restriction map to Autjr(S'o). Set 

G = Go X A and S = Sq >i S^- 

Thus S e Sylp(G). 

Now set Si = S, = J-', S2 = S, and J-2 = J-'g{G). We claim, for each Po,Qo < Sq, that 
Hom^2 {Pq, Qo) = Homj-^ (Pq, Qo) = Homj-(Po, Qo) 

dcf 

Hom52(Po,(5o) = Hom5j(Po,(5o) = 'iloms{Po,Qo) . 

We have already remarked that J^o ^ = J^i, and J-q ^ J^2 by Proposition 11.281 since 
they are the fusion systems of Go ^ G. Hence by condition (ii) in Definition 11.18^ each 
{p G Homjp;. (P, Q) (for i = 1,2 and P,Q < Sq) is the composite of a morphism in J^q and the 
restriction of a morphism in Autjr. (Sq). Furthermore, 

Aut^,(S'o) = Autg(5o) = (AutGo(^o) , Res§(A)) = Aut^,(^o) 

by ([2]), and the first line in ([3]) now follows. The second holds since Aut52(S'o) = Aut5(S'o) 
by definition of S2 = So >i Sa- 

We next claim that for all Pq < Sq, 

Pq is fully centralized in ^-"2 <^=^ Pq is fully centralized in = T . (4) 

By ([3]), the J^i- and J-2-conjugacy classes of Pq are the same, and Aut52(S'o) = Aut5(S'o). 
Hence for each Qo which is J-^-conjugate to Pq, 

\Csi{Qo)\ ir ^^ . fQ\\ I T^ll \Cs2{Qo)\ 

1^ N| = {" e Aut5(S'o) a|Qo = Id} = . . , 

and so |Gsi(Po)| is maximal if and only if |G52(Po)| is maximal. 

We want to compute ^m^^^.^f^TrJ by comparing it with ]^m*^^^r^( Zjr^) . To do this, we 
first define in Step 1 certain full subcategories J-"* C J^f, and an intermediate category C 
which can be used to compare 0{J^i) with (^(Jv^). Certain properties of the "comparison 

functors" $i: 0{J^*) )■ C are stated and proven in Step 2. In Step 3, we define certain 

subfunctors Zi C Zjr. on 0{J^^), and prove that ]^m*^^-^^^(Z^ ) = |im^j.^^^(Z2) using the 

intermediate categories 0{J^*) and C to compare them. Finally, in Step 4, we prove that 
]^m*^^j-^^(Z2) = for * > 2, and then show that ]^m*^^^^^(Z-F) = ^im^^^^^(Zi) for * > 1 by 

analyzing individually the three cases (a)-(c). 

Throughout the rest of the proof, whenever P < Si or P < 5*2, we write Pq = P H Sq- 

Step 1: Let J^* ^ J^i {i = 1, 2) be the full subcategories with objects 

Ob(j;*) = {P<S^\ Gs,(Qo) < Q for all Q Ji-conjugate to P}. 

All objects in J^* are J-^-centric; i.e., J-"* C J^^. Also, if P < is J-^-conjugate to an object 
in j;*, then P e Ob(j;*). 

We next construct a category C which acts as intermediary between the orbit categories 
of F* and J-^ . It will be a subcategory of a larger category C, defined by setting 

Ob(C) = {(Pq, K)\Pq < Sq is J-Q-centric and fully centralized in 

Inn(Po) < Aut5(Po)} 
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and 

MoTc{iPo,K),iQo,L)) = L\{ip E Rom^iPo,Qo)\^K C Lip}. 

Here, we regard (pK and L{p as subsets of Homjr(Po, Qo)- 
Define functors 

by setting <I>,(P) = (Pq, Autp(Po)) and = [ip\p,] for P,Q E Ob(J-*) and G 

Homjr* (P, Q). Since restriction sends Inn(Q) to AutQ^Qo) for Q E Ob(J-'*), is well 
defined on morphisms if it is defined on objects. 

To see that $j is well defined on objects, fix P G Ob(J-'*), and set K = Autp(Po). Then 
Inn(Po) < Autp(Po) < Aut5(Po), since P > Pq, and since Aut5(Po) = Aut5^(Po) by ^. By 
Lemma [1.20( a). P is J-i-conjugate to some Q such that Qq is fully normalized in J-'j and in 
Jo- Hence Pq is Jo-centric by Lemma OO^c). Also, |C5,(Po)| = |Cp(^o)| = |Co(<5o)| = 
\Csi{Qo)\ by definition of Ob(J-'*), and so Po is fully centralized in Jj (hence in J by (j4])) 
since Qq is fully centralized in Jj. Thus {Po,K) E Ob(C). 

We claim that Im($i) = Im($2)- In what follows, when Po < 5*0 and K < Aut(Po), we 
set N^{Po) = {gE Ns{Po) \ c, E K}. Then 

PGOb(j;*)and<l>,(P) = (Po,ir) =^ P = Ar|^(Po) (5) 

since P > Cs^Pq) by definition of Ob(j;*). 

Assume {Po,K) E Ob(C), and set Pi = iVj^(Po) for i = 1,2. Then Pi > Pq and K = 
Autp^(Po), since Inn(Po) < K < Aut5(Po) by assumption. Also, Pi n S'o = A^|j(-Po) = 
P2 n S'o, so Pi n S'o = Po if and only if P2 fl S'o = Po, and we assume this is the case 
since otherwise {Pq,K) is in the image of neither functor $j by ([5]). By assumption, Po 
is fully centralized in J, and hence in Ji by (jlj). So for each Q which is Ji-conjugate to 
Pi', \CsXQo)\ < \Csi{Po)\ = \CpXPo)\ = \Cq{Qo)\, where the last equality holds since any 
(f E Isojr.(Pi,Q) induces an isomorphism of pairs (Pj,Po) = {Q,Qo). Thus CsiiQo) ^ Q- 
This proves that Pi E Oh{J'*), and hence that $i(Pi) = (Po, K) for i = 1,2. 

Now fix objects {Po,K) and {Qq,L) in Im($j), and choose y^o G Homjr(Po, Qo) such 
that (PqK C LipQ. Thus [po] E yioT^{{PQ,K),{QQ,L)). If [p^^ = ^i{[ip]) for some (p E 
Homjr*(P, Q) (i = 1 or 2), then v'(P) G Ob(J-'*), so (poiPo) is fully centralized in J, and 
hence in Ji and J2 by (jl]). So we assume this from now on. 

Set Pi = A^^(Po) and Qi = N^^{Qo): these are both in Ob(j;*) by ©. Set Po = ¥^0(^0), 
let Lpo E Isojr(Po,Po) be the restriction of (po, and set M = lpqKlPq^ < Autj-(Po)- Then 
(poKipQ^ C L|p„ C Hom5(Po;Qo)) and so M < Aut5(Po) = Aut5'-(Po)- By the extension 
axiom for Jj, ipQ extends to some ipi E Homjr. (Pj, S'j), and [ipo] E Im($j) if and only if 
ipi can be chosen with (pi(Pi) < Qi. Now, M = Aut<^.(p-)(Po) since K = Autp-(Po), so 
M^iiPi)) = (^0, M), and ip^iPi) = A^lf (Po) by dSD. Hence ^^(P,) < if and only if for all 
a E Aut5,(So), 

a{Ro) = Ro and a;|pQ G M =^ o:{Qo) = Qo and alq^ E L . 

Since Aut5i(So) = Aut52(So) by [lpq] E Im($i) if and only if [v^o] G Im($2)- 

Now set C = Im($i) = Im($2) ^ C. Since the $j are injective on objects by ([5]), this is a 
subcategory of C. From now on, we regard the as functors to C. 
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Step 2: For each i = 1,2, and each P e Ob(J'*), set 

r,(P) = Ker[Out^,(P) ^ Autc(Po, Autp(Po))] 

= Ker[Out^,(P) — ^ iVAut^(Po)(Autp(Po))/Autp(Po)] 
where R is induced by restriction. We claim that, for each i = 1,2, 

(i) $j: 0{J^*) > C is bijective on objects and surjective on morphism sets; 

(ii) Ti{P) has order prime to p for all P; and 

(iii) whenever ip, ip' G Mor0(jr*)(P, Q) are such that ^i(ip) = ^i('ip'), there is x £ rj(P) such 
that ip' = ip oX- 

Point (i) follows from (|5]) and the definition of C in Step 1. 

When proving (ii), it suffices to consider the case where P is fully normalized in J-^. If 
g G Nsi{P) is such that [cg] e rj(P), then Cglp^ G Autp(Po); and since CsXPo) < P, this 
implies g & P and [cg] = 1 G ^i{P) < Outjr^(P). Thus 0ut5.(P) is a Sylow p-subgroup of 
Out jr. (P) and intersects trivially with Ti{P) < Outjr-(P), so |rj(P)| is prime to p. 

It remains to prove (iii). Assume 1^,1^' G Morci(jr*)(P, Q) are such that ^{{ip) = $i(^/''). 
Fix ip, ip' G Homjr*(P, Q) such that ip = [v^] and = [ip']. Then yjlp^ = Cgo{p'\p^ for some G 
AutQ((5o); i-e., for some g E Q. So upon replacing yj' by Cgoip' (this time with G Inn(Q)), 
we can assume ipo ip\pg = v^'Ipq- Since P G Ob(J-'*), we have Csi{Vo{Po)) < so 
<^(P) = {(? G iV5,(<^o(i'o)) I G ^oAutp(Po)<^o"i} = v?'(P). 

Hence there is a unique /3 G Autjr^(P) such that ip' = v^o/?; and also /3|pq = Id. So ip' = ipo[f3] 
in Mora(^.) (P,Q), where G r;(P). 

Step 3: Define functors 

Zi-. C(J'f)°P > Z(p)-mod and Zc: C°p ^ Z(p)-mod 

by setting Z,(P) = Z{P) n Sq = Czip,){P) and Zc(Q,ir) = CziQ){K) (the subgroup of 
elements of Z{Q) fixed pointwise by K). Morphisms are sent in the obvious way. Set 

We claim that 

^*(Zi)= ^*(Zi,) = ^*(Zc)= ^*(22*)= ^*(22). (6) 

Since = o $j by definition, the second and third isomorphisms follow from points 
(i-iii) in Step 2 and |BL01l Lemma 1.3]. 

We prove the other isomorphisms in ([6]) using Lemma [2l8l Fix i = 1,2. We already saw in 
Step 1 that Ob(J^*) is closed (inside Ob(J-!f)) with respect to J-^-conjugacy. If P < Q < Si 
and P G Oh{J^*), then for each Q* which is J'j-conjugate to Q, if we set P* = v^(P) < Q* 
for some <p G lso^^{Q,Q*), then C5.(Po*) < P* implies C5.(Q*) < Q*, and so Q G Oh{J^*). 
Thus Ob (J-"*) is closed with respect to overgroups. 

For each object P in J^f not in T*, there is P* J^j-conjugate to P such that C5-(Pq*) ^ P*. 
By Lemma [1771 there is g e A^5-(P*)\P* which centralizes Pg*. Thus [cg] G Outjr.(P*) is 
a nontrivial element of p-power order which acts trivially on Zi{P*). So by Lemma |2.8[ 
]^m*^^^,^(Zi) = ]^m *^^^,^(Zi^) for each i = 1,2; and this finishes the proof of (jS]). 

Step 4: By Lemma EHIKa), ]^^^^^^{Z2) = ]^^^^^^{Z^°) = for j > 2. Hence by ([6]), 
^m-^^^,^fZi) = for j > 2 (recall J' = Fi). 
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We claim that for j > 2, 

^^■(Z^) = ^^(Zi). (7) 

Set Z = ZjjZx for short; thus Z(P) = Z{P)/{Z{P) n So) for each P. If J^o = Op'{J^), then 
d?]) holds since Sq = S and hence Zjr = Zi. If J^q = ^j^iQ) ^'^^ some Q < and some 
K < Aut((5), then 2(P) = for each P G Ob(J-''^) which contains Q, in particular for each 
subgroup which is J^-centric and J-'-radical (Proposition II .Sp : and ([7]) holds by Lemma [221 

Assume J'o = 0^(7'). For each P e Ob(J'^), let Hp < Out^(P) be the kernel of the 
Out^(P)-action on Z{P) = Z{P)/{Z{P) n Sq). By definition of So = i)r)p{J^), Hp contains 
OP(Out^(P)), and thus Out^{P)/Hp is a p-group. So for j > 1, 

fo ifp||^p| 
A^(Out^(P);Z(P)) ^ i ifpt|Out^(P)| 

[ A-' (Out^(P)/iJp; Z{P)) = otherwise 

by |JMO| Proposition 6.1]: by point (ii) of the proposition in the first case, by point (i) in 
the second, and by points (iii) and (ii) in the third. So by |0H Lemma 2.3], ^im;^^^,^,^ (Z) = 
for all j > 1, and ([7]) also holds in this case. 

We now conclude that l,im-^^^-^,^ (Zt) = for all j > 2. So by |BL02| Proposition 3.1], 
there is a (unique) centric linking system associated to J-". □ 



2.4. Proof of Theorem O 

We want to show that if reO(J-') is tame, then so is J-". The proof splits naturally into 
two parts. We first show, under certain additional hypotheses, that if J-q < J-" and J-q is 
tame, then J-" is tame. Afterwards, we show (again under additional hypotheses) that J-" is 
tame if T IZ[T) is tame. In both cases, this means proving that certain homomorphisms 
are split surjective, by first constructing an appropriate puUback square of automorphism 
groups, and then applying the following elementary lemma. 

Lemma 2.13. If the following square of groups and homomorphisms 

A, ^A2 

Pi 

is a pullback square, and /3 is split surjective, then a is split surjective. □ 

We first work with normal subsystems. We first recall some convenient notation. When 
P is a p-centric subgroup of a finite group G (i.e., an J^5(G')-centric subgroup when P < 
S e Sylp(G')), we set Q(P) = Op{Cg{P)). Thus Q(P) has order prime to p, and Cg(P) = 
Z(P) X C'aiP). 

For any normal pair (Sq, J-'o, Cq) < {S,J-',C), let 

P = pio- Aut£(5o) > Aut[yp(£o) 

be the homomorphism which sends 7 G Aut£(S'o) to c^. Here, G Aut[yp(£o) sends an 
object P to 7r(7)(P) and sends ip G Mor£„(P,(5) to (7lQ,7r(7)(Q)) o ip o (7|p,^(^)(p))"^ (well 
defined by Definition II. 27p . Let 

P = Pco- ^/^o > Outtyp(£o) 

=Aut£(5o)/Aut£g(5o) =Aut( (£o)/{c^ l7eAut£o(5o)} 
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be the homomorphism induced by p, which sends [7] to the class of c^. This is analogous 

to the conjugation homomorphism G/Gq Out(Go) for a pair of groups Gq < G. For 

example, Cq is centric in C (see Definition I1.27P if and only if p^^ is injective. 

We next show that when J-q < J-" have associated linking systems £0 ^ ^, where Cq is 
centric in C and J-q is realizable, then under some extra conditions, J-" is also realizable. 

Lemma 2.14. Fix a normal pair {Sq, J^q, Cq) < (5, J-", £) such that Cq is centric in C Set 
T-Lq = Ob(£o) T-L = Ob(£), and assume T-Lq is PM.t{So, Fq) -invariant. Assume there is a 
finite group Gq such that 

(a) So e Sylp(Go), To = -^5o(Go), and Co = >Cg,"(Go); 

(b) Z{Go) = Z{To); and 

(c) there is a homomorphism p: C/Co > Out(Go) such that 



"Go 



P = Pco ■ ^/^o > Outtyp(£o 



Then T = J-'s{G) and C = C^{G) for some finite group G such that S G Sylp(G'), Go ^ G, 
G/Go = Cj Co, and such that the extension realizes the given outer action ^ of G/Go = Cj Co 
on Go- 

Proof. We construct the group G in Step 1, and prove that CgiG) = C and J^s{G) = in 
Step 2. Throughout the proof, we identify Co with C^"{Go)- 



Step 1: Consider the following diagram whose rows are exact by Lemma [1.14t 

1 > Z{Go) > Ng,{So) Aut(Go, So) Out(Go) > 1 



Ao 



1 



ZiTo 



Aut£„(5'o) 



conj 



Auttyp(/:o) Outtyp(£o) > 1 



,.«0 
"Go 



Here, Aq sends g E Ngq{So) to its class in Aut£,)(S'o) = Ngo{So) / Cq^^{So) ■ The first and third 
squares clearly commute. The second square commutes since for g G Ngo{So), k sends Cg to 
the automorphism [a] [gag~^] = CAo(g)(a). By definition of k 



"Go' 



7i{f3){Xo{g)) = Xo{f3{g)) for all (3 G Aut(Go,5o), g G Ng^^So) 



(9) 



Set Aut(Go, So)p = prj"^(p(£/£o))- Since Cq is centric in £, p = p^^ sends C/Cq injectively 
into Outtyp(£o)- Hence k sends p{C/ Cq) injectively into Outtyp(£o)- So by a diagram chase 
in ([H]), Ngo{So) is the pullback of Aut(Go, So)p and Aut/:(,(S'o) over Aut[yp(£o)- 

Let H be the group which makes the following square a pullback: 



H 



Aut(Go,5'( 



0)p 



(10) 



Aut£(5'o 



Aut[yp(£o 



For each a G Aut£(S'o), p(a) G prg ^(p(£/£o)) by definition, and hence lifts to an element of 
Aut(Go, So)p. This proves that A is onto. By comparison with the middle square in ([8]), we 
can identify Ngo{So) with A^"'^(Aut£„(S'o)) < H. Thus 

H/Ng,{So) = H/Ho = Knic{So)/knic,{So) = Cj Co , (11) 
where we set Ho = A^Go('S'o), regarded as a subgroup of Go and of H. 



36 KASPER ANDERSEN, BOB OLIVER, AND JOANA VENTURA 

We claim that for all h & H and a & Hq, 

^{h){a) = hah-^ G Ho . (12) 

Since (JTOl) is a pullback, it suffices to prove (fT2l) after applying ip and after applying A. It 
holds after applying A (or Aq) since 

XoivWia)) = ^(<^(/i))(Ao(a)) = p(A(/i))(Ao(a)) = X{h) Xo{a) X{h)-' = Xo{hah-') : 

the first equahty by the second by the commutativity of ffTUl) . and the third since p is 
defined by conjugation in £. Since (p\ho is also defined to be conjugation, 

ip{ip{h){a)) = c^{h)(a) = ^{h) o Ca o ip{h)~^ = Lp{h) o ip{a) o ip{h)~^ = ip{hah~^) . 

This finishes the proof of (fT2|) . 

We want to construct a group G with Go ^ G, G/Gq = C/Cq, and Nc{So) = H. To do 
this, ffist set r = Go X i^: the semidirect product with the action of H on Go given by ip 
as defined in flTU]) . Elements of F are written as pairs {g, h) for g E Gq and h E H. Thus 
(^, /i)(^', /i') = {g-^{h){g'), hh'). Set iV = {(a, a'^) | a G //o}- For a, 6 G ifo, 

(a,a-i)(6,r^) = (a-¥?(a"^)(6),a"^ri) = (a-a"^6a, a^^r^) = (6a, (H^^) ^ A^, 

where the second equality holds by (IT^ . Thus is a subgroup. For g E Gq and a E Hq, 

{g, l)(a, a"^)(fi', 1)"^ = (fi-a, a'^){g~'^, 1) = (5(a-99(a"^)(5("^), a"^) 

= (ga-a^^g^^a, a^^) = (a, a^^) ; 

where (p{a~^){g~^) = a~^g^^a since by construction, <f\Ho is the conjugation homomorphism 
of ([H]). Thus {g, 1) normalizes (centralizes) A^. For h E H and a G Hq, 

(1, /i)(a, a~^)(l, /i)-^ = {^{h){a), ha-^){l, h'^) = (^(/i)(a), {hah-^^) G AT 

by f|T2l) . and thus (1, /i) also normalizes A^. This proves that A^ < F. 

Now set G = T/N, and regard Go and H as subgroups of G. By construction, G = Go-f^, 
Go n H = Ho = NcoiSo), Go < G, and G/Gq ^ H/Ho = C/Cq (the last isomorphism by 
(HID). Also, < ArG(^o), and since [H:Ng,{So)] = [G:Go] > [Ng{So):Ng,{So)], we have 
H = Ng{So)- The outer conjugation action of G/Gq on Go is induced by ip. So by (fTOj) and 
the definition of Aut(Go, 5'o)p, and since k sends Im(p) isomorphically to lm{p^^) (since p^^ 
is injective), this outer action is equal to p via our identification G/Gq = C/Co- 

By comparison of ([8]) and (fTOl) . we see that 

Ker(A) = Ker(Ao) = G^„(S'o) . 

In particular, Ker(A) has order prime to p. Also, Sso{S) is a Sylow p-subgroup of Aut£(S'o) 
by Proposition 11.1 1( d) . Fix any Sylow p-subgroup of X~^{6so{S)), and identify it with S via 
^So ° Since [G:H] = [Goii^o] is prime to p, we also have 5* G Sylp(G). 

Step 2: Set J-"' = J-'s{G) for short. By Proposition ll.28[ J-q = J-5,)(Go) is normal in J^'. 
So by Lemma fl. 20( d). "H = Ob(£) contains all subgroups of S which are J^'-centric and 
^'-radical. 

We next show that all subgroups in H are G-quasicentric. Since overgroups of quasicentric 
subgroups are quasicentric, it suffices to prove this for P G Hq. Fix such P, and assume it 
is fully centralized in r. We must show that Op'{Gg{P)) = Op{Gg{P))] i.e., that Cg{P) 
contains a normal subgroup of order prime to p and of p-power index. Define 

$p: Ng{P) >P^nic{P) 

as follows. Fix g G Ng{P), write g = goh for some go G Go and h E H = Ng{So), and set 
^p{g) = [go] o X{h)\p^hPh-^, where [5^0] G MoTco{hPh~^, P) is induced by the identification 
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£o = C^^"{Go). lig = g^h = g'^h' where go, g'^ G Gq and h, h' e H, then a = g^^g'^ = hh'-^ e 
Hq, so g'f) = goa, h = ah', and 

[go] o \{h)\phPh-l = [go] ° HO')\h'Ph'-^,hPh-^ ° Kh')\p,h'Ph''^ = [doo] ° K^')\p,h'Ph'-^- 

Thus ^p{g) is well defined, independently of the choice of 5^0 and h, and = A. Moreover, 

^p\ns(p) = ^P) since X\s = ^So'- ^ ^ Aut£(P) by the identification of as a subgroup of 

H. To see that $p is a homomorphism, it suffices to check that 

[hgoh-^] = \{h)o[go]o\{h)-^ (13) 
for each g^ G Go and h & H, and this follows from the commutativity of (fTOj) . 

We next claim that the composite vrp o <l>p: Ng{P) >■ Autjr(P) sends g G Ng{P) 

to Cg G Aut(P). Set g = g^h as above. By definition of the linking system C^°{Gq), 
7ip{^p{go)) = 7ip{[go]) = Cg^- By f[T^ and axiom (C) for the hnking system £, nso{X{h)) G 
Autjr(S'o) is conjugation by h, and hence it is also conjugation by /i on P < 5*0 < i?. This 
proves the claim. 

Since J-q ^ -7-", -T-q < J-"', and Autjr(S'o) = Autjr/(S'o), the J^- and J-''-conjugacy classes of 
any subgroup Q < Sq are the same. It follows that Ti is closed under J^'-conjugacy, and that 
P is fully centralized in J-". Hence 

. Ker[AutaP) Aut^(P)] = 5p{CsiP)); 

• ^p\ns{p) = ^P is injective by Proposition 11.11( c): 

• Ker(7rp o $p) = Cg{P) since np o ^p{g) = Cg] and 

• Cs{P) G Sylp(GG(P)) by |BLU2l Proposition 1.3]. 

Hence Ker($p) is a normal subgroup of Cg{P) of order prime to p, and GG'(P)/Ker($p) = 
Cs{P) is a j9-group. It follows that Ker($p) = O'^^CciP)), and thus that P is G-quasicentric. 

Set C = C^{G). We have now shown that Ti satisfies the conditions which ensure that 
£' is a linking system associated to J-'s'(G). By Proposition 11.281 again. C contains Cq as 
a normal linking subsystem. Also, Aut£/(5'o) = H/Ker^X) = Aut£(5'o) since 0^(Gg(5'o)) = 
Ker(<l>5Q) = Ker(A), and they have the same action on Cq (under this identification) by the 
commutativity of flTU]) . 

By the remarks at the end of [U3j (after the proof of Theorem 9), the existence of the 
linking systems C and C imply that conditions (2) and (3) in the statement of [03\ Theorem 
9] hold. So by the uniqueness statement in that theorem, T = T' and C = C'. □ 

In order to compare tameness in J^q and in when {Sq, J^q, Cq) < {S,J^,C), we need to 
compare the automorphisms of Cq with those of C. This is done in the following lemma. For 
any normal pair Cq < C of linking systems, we set 

Aut^(£o) = pi,{Antc{SQ)) = {c^ | 7 e Aut^(5o)} < Aut[yp(£o) 
Out£(£o) = P^,{jC/Cq) = Antc{CQ)/Antc,{CQ) < Outtyp(£o) ■ 

Lemma 2.15. Fix a pair of finite groups Gq < G, let Sq < S be Sylow p-suhgroups of 
Go ^ G, and set J^q = J^So{Gq) and T = J^s{G). Assume Z{Gq) = Z{J^q). Let Hq and Ti 
be sets of subgroups such that 

Cq'='cI^{Gq) and £^=^£«(G) 
are linking systems associated to J-q and T , respectively. Assume 

Cq < C , Cq is centric in C , and C/ Cq = G/Gq . 
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Assume also Hq is Aut(S'o, J^o) -invariant, and "H is Aut(S', J^) -invariant. Then the following 
square 



Out(G, Go) > Outtyp(£, Co) 



Ri 



R2 



(14) 



iVout(Go)(OutG(G'o))/OutG(Go) > NonUy,iCo){Ontc{Co))/Ontc{C 







is a pullback. Here, Out(G, Go) < Out(G) and Outtyp(£,£o) < Outtyp(£) are the subgroups 
of classes of automorphisms which leave Go and Cq invariant, respectively, k, is the restriction 
of Kq, k* is induced by k^°, and Ri and R2 are induced by restriction. 

Proof. By the Frattini argument, G = Go-iVG(5'o) (all subgroups G-conjugate to 5*0 are 
Go-conjugate to Sq). Hence G/Go = Ng{So)/Ngo{So), while 

£/£o = Auta5'o)/Aut,:„(5o) = {NGiSo)/OPiCGiSo))) / {NGo{So)/C'a,^{So)) 

(and 5*0 is G-quasicentric since it is an object of the linking system £ = £^(G)). Since 
G/Go = C/£o, it follows that Op{Cg{So)) = C'g^{So). Also, for each g e Gg(Go) < Ng{So), 
[g] e Aut£(S'o) acts trivially on £0 under conjugation, so [g] G Aut£g(5'o) since £0 is centric 
in C, and hence g E Gq. We have now shown that 

O^iCGiSo)) = C'a^iSo) and Gg(Go) = Z(Go) . (15) 
Step 1: We first show the following square is a pullback: 

Aut(G, Go, S-C'g,^{So)) ~- > Aut[yp(£, £0) 



Resi 



Res2 



(16) 



A^Aut(Go,5o)(AutG(Go,^o)) AT^ut^, r£o)(Aut/:(£o)) . 



Here, Aut{G,Go, S-C'g^^So)) is the group of automorphisms of G which send both Go and 
S-C'g^j{So) to themselves and Aut[yp(£, £0) < Aut[yp(£) is the subgroup of elements which 
leave £0 invariant. 

Both Resi and Res2 are defined by restriction. Each a G Aut{G,Go, S-Gq^{So)) leaves 
5*0 X G^^(S'o) = Go n {S-G'q^{So)) invariant, and hence also leaves Sq invariant. Clearly, 
a\Aut{Go,So) normalizes AutG(Go, 6*0). To see that Res2 maps to the normalizer, fix cr G 
Aut[yp(£,£o) and 7 G Aut£(S'o), and set do = o'lco ^ Aut[yp(£o). Then 

aoC^aQ^ = c^^^), (17) 
(using Lemma [1.151 to show this holds on objects), and thus Uo normalizes Aut£(£o). 

The homomorphism kq is the restriction of H^^, which is defined since T-Lq is Aut(S'o, J^o)- 
invariant. Since maps AutG(Go, Sq) onto Aut£(£o), it sends the normalizer of AutG'(Go, Sq) 
into the normalizer of Aut£(£o). 

Defining k requires more explanation. For a G Aut(G, Go, 5'-Gg|^(S'o)), a{S) is a Sy- 
low p-subgroup of S'-G^^(S'o), so a{S) = hSh~^ for some h G Cq^^Sq). Hence cj^^ o a G 
Aut(G,Go,5') and we define K{a) = 'k^{c^^ o a) E Aut[yp(£, £0). If h' G G'q^{Sq) with 
a{S) = h'Sh'^^, then h^^h' G Ggjj(S'o) fl Ng{S). Since Sq is strongly closed in J^, the 
restriction homomorphism 

NGiS)/G'GiS) = AntciS) > Aut£(^o) = NGiSo)/G'G,iSo) 
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is injective by Proposition 11.11( f). It follows that h~^h' G C^(S'), so KQ^Ch-ih') = 1 since 
Cq{S) < 0^{Cc{P)) for each P < S. Thus k is well defined, and it is easily seen to be 
a homomorphism. Since conjugation by any element of Cq^{Sq) induces the identity in 

Aut[yp(£o) (and since Res2 ~ ^Go ° R-^Si as maps from Aut{G,Go, S) to Aut(yp(£o)); 
square (fTB]) commutes. 

Next consider the following commutative diagram: 

1 > Z{Go) > Ng{So) AutG(G'o, So) > 1 

(18) 

1 > Z{To) ^ Aut£(5o) > Aut^(£o) > 1 . 

Here, cj^ and cjg are induced by conjugation, and ki is the restriction of kq. Both rows in 
(fT8|) are exact: the first since Ker(cj^) = Cg{Go) = Z{Go) by (ITSl) : and the second since 
Ker(cj2) < Aut£Q(5'o) (£o is centric in £) and hence Ker(cj2) = Z{J^o) by Lemma fl. 14( a). 
Thus the right hand square in (fTSjl is a puUback square. 

Fix automorphisms 

a e A^Aut(Go,5o)(AutG(G'o, 5*0)) and x G Aut[yp(£, Co) 

such that x\co = ^o(<^)- Then xi^o) = So, so xso is an automorphism of Aut£(S'o) = 
NG{So)/G'a,{So) by (US]). 

We first construct f3 G Aut(Ai'G<(S'o)) such that for each g G Ng{So), Cjji^g) = aCga~^ in 
Aut(Go) and XsolM) = If^id)] Aut£(S'o). Consider the following automorphisms 

Ca G Aut(AutG(G'o, So)), xso e Aut(Aut£(5'o)), c-iig(a) = G Aut(Aut£(£o)) 

of groups in the pullback square in f lTSj) . We want to define /3 as the pullback of Ca and 
Xso over c^. For 7 G Aut£(5'o), 0^(^2(7)) = XCyX~^ = c^i-y) = cj2(X5o(7)) (using (JTZj)) and 
thus cj2 o xso = Cx ° cj2- By a similar (but simpler) computation, ki o Ca = £^0(0) ° 1^1] and 
hence these three automorphisms pull back (via the pullback square in flTSj) ) to a unique 
/3 G Aut(ArG(5o)). Thus for ^? G ArG(5o), 

[/3(5')] = XsolM) G Aut£(S'o) and cji(/3(5()) = o ci^{g) = aCgO'^ G Aut(Go) . (19) 

Now, Xsoi^SoiSo)) = SsoiSo) and Xsoi^SoiS)) = SsoiS) since x is isotypical and sends inclu- 
sions to inclusions (and hence restrictions to restrictions). Since Aut£(S'o) = Ng{So)/Cq^{So) 
by (IT^ . (IT^ implies that /3 sends 5*0 x G'q^^Sq) to itself and sends S-G'q^{So) to itself. In 
particular, f3{So) = Sq. 

Now, for all G ArGo(So), 

M(^i9)) = [a{9)] = ^o{a){[9]) = X5o(M) e Aut£(5'o) (/?o(a) = x\co) 

and 

cji o a{g) = Ca{g) = acga'^ G AutG(G'o, 5*0) . 

Thus Xo{Q:{g)) = Ao(/3(5')) and c}i{a{g)) = c}i{f3{g)) by comparison with (fT9|) : and hence 
Q;((y') = (3{g) by the pullback square in (fT8|) . This proves that a|Arg^(5g) = /3|Arcg(s'o)- 

We already saw that G = Go-Ng{So)- Define a G Aut{G,Go, S-Gq^^{So)) by setting 
a{goh) = a{go)(3{h) for go G Go and G A^g('S'o). Since 0^0^(50) = (^\ngo{So)^ this is well 
defined as a bijective map of sets. For all go,g'o G Go and h, h' G A^g('S'o), 

aigoh-g'oh') = a{go-Ch{g'o)-hh') = a{go)a{chigo))l3{hh') 

= a{go)c,3{h)iai9o))Khh') = a{go)l3{h)a{gQ)l3{h') = a{goh)a{gQh'), 
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where the third equahty follows from the condition C/3(^) = acha ^. It now follows that 
a G Aut(G', Go)- Also, a sends S-Cq^^{So) to itself since (3 does. 

By construction, Resi(a) = SIgq = a. We claim that ^(a) = x- Since SIgq = « and 
x\co = ^o(«)! fiJ(S') and x define the same action on Cq (by the commutativity of (fT6|) ). 
Choose h G Qol'S'o) = 0-p{Cg{Sq)) with = hSh-^ and let r G Aut(^) be given by 

t{s) = cl\a{s)). For g G Ng{So), = = [ci{g)] = [Pig)] = m 

Aut£(5'o) by (fT^ and since O-lrq^^So) = P- Hence nia) and x define the same action on 
Aut£(S'o). Since Cq and Aut£(S'o) generate the full subcategory C\<So^ ^(a) and x are equal 
after restriction to this subcategory. 

We just showed that X5o(["5]) = ^(S?)5o(M) s G 5. Hence ^^([s]) = fi;(a)5'([s]) in 
Aut£(5'). Lemma 11.151 now implies that x(-P) = '^(o')(-P) for P G Ob(£). Since both 
^(a) and x send inclusions to inclusions, and since the restriction map from Mor£(P, Q) to 
Mor£(P n 5*0, Q n Sq) is injective for all P, Q G "H by Proposition II. 11( f). it now follows that 
K{a) = X- 

To prove ffTBl) is a puUback, it remains to show k x Resi is injective. So assume a G 
Ant{G,Go, S-C'q^{So)) is such that SIgq = and ^(a) = Id£. For each g E G, cs{g) = 
Cg G Aut(Go), and hence g'^^a^g) G Cg{Go) = Z{Go) by (IT^ . Since ^(a) = Id£, o? 
induces the identity on Aut£(S'o) = Ng{So)/Cq^{So) (see (IT^ again). Since G = Go-iVG(S'o) 
and SIgo = Id, g~^a{g) G G^g(S'o) for all g E G. Finally, Cq^^{Sq) fl 2'(Go) = 1 because 
Z{Go) = Z{J^o) < S'o is a p-group, and we conclude that a = Idc. 

Step 2: We are now ready to prove f|T^ is a pullback. Fix elements 

[a] G A^out(Go)(OutG(Go))/OutG(Go) and [x] G Outtyp(£,£o) 

such that k*([q;]) = R2{[x\)^ and choose liftings a G Aut(Go,5'o) and x ^ Aut[yp(£, £o)- 
Then a normalizes AutG(Go), and hence also normalizes AutG(Go, Sq). 

Since /t*([a]) = P2([x]), x\co = '^o(c>^) ° C[x] for some element x G A^g('S'o) (where [x] G 
Aut£(S'o) is the class of x). Upon replacing a hy a o G Aut(Go), we can arrange that 
x\co = ^o('^)- Hence a and x PuH back to an element of Aut{G,Go, S-Cq^{So)) by Step 1, 
and so [a] and [x] pull back to an element of Out(G,Go). 

To see that this pullback is unique, fix [7] G Out(G,Go) such that Pi([7]) = 1 and 
^([7]) = choose 7 G Aut(G, Go) which represents [7]. Then 7(6') = gSg~^ for some 

g E G, and upon replacing 7 by 07, we can assume 7(5") = S. Also, ^(7) = C[y] for some 
y G Ng{S); and upon replacing 7 by 7 o we can assume ^(7) = Id£. Now, 71^0 = Ch 
for some h G Ng{Sq), and C[/i] = Id^^. Hence h E Gq since Cq is centric in £, and so 
heCG,{So) = Z{So)xC'G^{So). 

Write h = hih2, where hi G Z{So) and /i2 G G^^(5'o). Thus [h] = [hi] G Aut£„(5'o), 
and hi G 2'(J^o) = Z{Go) since C[/i] = Idc^ (see Lemma fl. 14( a)). Thus 7|go = Ch = Ch^ 
in Aut(Go). Since [5, ^ < [5,G^^(5o)] < C'a^{So), c,, G Aut(G, Go, 5-G^„(5o)). Also, 
^(c/i2) = M by definition of k (and since /i2 G Gg^(S'o)). Thus 7 = Ch^ since (fT6!) is a 
pullback, and so [7] = 1 in Out(G,Go). □ 

We are finally ready to prove: 

Proposition 2.16. Let {Sq, J^q, Cq) < {S,J-',C) be a normal pair such that Cq is centric 
in C, Ob(£o) o,nd Ob(£) are Aut(5'o, J-q)- and Aut{S, J^) -invariant, respectively, and Cq 
is Autlyp{C) -invariant. Assume J-q is tamely realized by some finite group Gq such that 

So G Sylp(Go), Z{Go) = Z{J^q), and Cq = C^^^'''^\Gq). Then T is tamely realized by a finite 
group G such that S G Sylp(G), Go ^ G and G/Gq = C/Cq. 
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Proof. Set "H = Ob(£) and "Ho = Ob(£o)- By assumption, J^q = J^SoiGo), and is split 

'Wo 

-5o 



surjective. Also, Cq = C^"{Go) by assumption, and we identify these two linking systems. 



By Lemma [rm Outtyp(i:o) = C)uttyp{C^^^{Go)) = Outtyp(£^g(Go)), where H§ is the set of 
J-Q-centric subgroups in "Hq- Choose a splitting 

s: Outtyp(£o) = Outtyp(£^5„(Go)) ^ Out(Go) 



for K^°, and set 



P = ^°Pco- '^/'^o > Outtyp(£o) > Out (Go) 



By Lemma [2.141 there is a finite group G such that S G Sylp(G), Gq < G, = J^s{.G), 
C = Cy-{G), G/Go = C/Cq, and such that the outer action of G/Gq on Go is equal to 
p via this last isomorphism. In particular, s sends Out£(£o) = Ini(P£o) isomorphically to 
OutG(Go) = Im(p). 

Since Cq is Aut[yp(£)-invariant by assumption, Outtyp(£,£o) = C)uttyp(jC). So by Lemma 
12. 15^ the following is a pullback square: 



Out(G, Go) > Outtyp(£) 



Ri 



R2 



(20) 



A^Out(Go)(OutG(Go))/OutG(Go) > NouUy,iCo)iOntc{Co))/Outc{C 



where k* is induced by Kq°. Since the splitting s of sends Out£(£o) isomorphically to 
OutG(Go), it induces a splitting s* of k*. Since ( l20l) is a pullback, s* induces a splitting of 
^ = ^gIouUCGo) (Lemma I2.13p . By Lemma ri.l7[ Outtyp(£) = 0uttyp(£5(G)), and so J-" is 
tamely realized by G. □ 

We next turn to central extensions of fusion and linking systems. In the following lemma, 
when £ is a linking system associated to J-" over the p-group S, and A < S, we set 

Aut(yp(£, A) = {ae Anti^^iC) \ as{6s{A)) = 6s{A)} , 

and let Outtyp(£, A) be its image in Outtyp(£). 

Lemma 2.17. Fix a finite group G and a central p- subgroup A < Z{G). Choose S G Sylp(G), 
and set G = G/A and S = S/Ae Sylp(G). Set T = J^s{G), 7 = J'^(G) and 

n = {P < S\P>A, P/A is ^-centric} . 

Then H contains all subgroups of S which are J^-centric and J^-radical, all subgroups in H 
are J^-centric, and hence C == C^{G) is a linking system associated to T . If, furthermore, 
Op>{G) = 1 and Z{G) = Z{J^), then the following square is a pullback: 

Out(G, A) ^"'^ > Outtyp(£, A) 

Ul U2 (21) 

Out(G) > Outtyp(£) , 

where C = Ci{G), is defined analogously to k,g> '^i^'d vi and are induced by the 
projections G » G and C » C 
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Proof. We first prove the statements about H = Ob(£). li P E Ti, then P is J^-centric 
since A < P and P/A is J^-centric (cf. |BCGL02l Lemma 6.4(a)]). Now assume P < S 
is J-'-centric and J-'-radical; we must show P G "H. It suffices to do this when P is fully 
normalized in J-'. Since P is J-'-centric, A < Cs{P) < P- For x G S* with xA G C^{P/A), Cx 
induces the identity on A and on P/A. Hence G Op(Autjr(P)) by Lemma [L6l so x G P 
by Lemma [L^ This proves C^(P/A) < P/A. By Proposition IL81 P/A is fully normalized 

and hence fully centralized in T. We conclude that P/A is J-'-centric, so P G 7/. 
Consider the following diagram (with homomorphisms defined below): 

1 > Hom(G, A) > Aut(G', S, A) J-H!^ Aut(G, S) x Aut(A) 

Kl K2xid (22) 

1 ^Hom(7ri(|£|), A) Aut[yp(£, A) Aut(,p(£) x Aut(A) . 

Here, ui and z/2 are induced by the projection G )■ G and ri and r2 by restriction to A, 

and K\it{G,S,A) < Aut(G) is the subgroup of automorphisms which leave both S and A 
invariant. Also, ki = H'q a (defined analogously to Hq)-, and ^2 = 'i^q- The right hand square 
clearly commutes. 

For /3 G Hom(G,A) and 5- G G, \i{[i){g) = g-f3{gA). For any morphism ^ G Mor'^(P, Q), 

let [ip] G 7ri(|£|) be the class of the loop based at the vertex S, formed by the edges if,, ip, 

and Lq (in that order). For (3 G Hom(7ri(|£|), A), A2(/3) is the automorphism of £ which is 

the identity on objects, and sends ip G Mor£(P, Q) (with image ip G Mot-^{P/A,Q/A)) to 

ijj o Sp{/3{[ijj])). It follows immediately from these definitions that for z = 1, 2, Aj is injective 
and (z/j, Vi) o Aj is trivial. 

Since A is a finite abelian p-group, Hom(7ri(X), A) = H'^{X;A) = H^{X^;A) for any 

"p-good" space X (the second isomorphism by \BKi Definition 1.5.1]). Also, |£| is p-good 

by |BL02l Proposition 1.12], BG is p-good since it has finite fundamental group (cf. |BK 



Proposition VII. 5.1]), and BGp ~ \C\p by |BL01t Proposition 1.1]. We thus get an isomor- 
phism 

r: Hom(G,A) H\BG!^;A) — ^ H\\C\^; A) — ^ Hom(7ri(|Z|), A) . 

Alternatively, by |B(X;L()2[ Theorem B], 7ri(|£|)/OP(7ri(|Z|)) = S/i)r)p{^), where for an 
infinite group F, 0^(r) denotes the intersection of all normal subgroups of p-power index. 



By the hyperfocal subgroup theorem for groups |Pgl[ §1.1], G/0^{G) = S /^t)p{J-'); and 
these isomorphisms induce an isomorphism 

r: Hom(G,A) — ^ }iom{S / i)t)p{^) , A) — ^ Hom(7ri(|Z|), A) . 
By either construction, r makes the left hand square in f l22|) commute. 

An element a G Ker(z/i, ri) is an automorphism of G which induces the identity on A and 
on G = G/A, and since A < Z{G), any such automorphism has the form a{g) = g-P{gA) 
for some unique /3 G Hom(G, A). Thus the top row in (|22l) is exact. 

Similarly, an element a G Ker(^'2; ''"2) is an isotypical automorphism of C which sends 

inclusions to inclusions and induces the identity on £ and on A. Since C )■ C is bijective 

on objects (by definition), a induces the identity on objects in £, and on morphisms it has 
the form a{ip) = ip o for some f3: Mor[£) > A which preserves composition and 
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sends inclusions to the identity. Such a /3 is equivalent to a homomorphism from 7ri(|£|) to 
A (cf. |UVH Proposition A. 3(a)]), so a = A2(/3), and thus the second row in f l2^ is exact. 

We are now ready to prove that ( pTl) is a puUback. Fix automorphisms a G Aut(G', S) and 
/3 G Aut[yp(£, A) such that fi:^([a]) = z/2([/3]). Then i'2{P) = ^2(0) o C[x] for some x G N^(S) 

which induces [x] G Aut^(S'). So upon replacing a by a o Cx, we can assume K2(a) = ?'2(/3)- 
Consider the following diagram: 



>G 



1 



A >G' >G 



1 



We want to find a G Aut(G') which makes the two squares commute. This means showing 
that the class [G] G H^{G] A) is invariant under the automorphism of H'^{G] A) induced by 
r2(/3) and a. But (3 G Aut[yp(£) induces an automorphism 7 = (3s\ss{S) ^ Aut(5', J-") (see 
Lemma fl.lSp . Also, 7!^ = /3s\a = r2{(3), 7 induces the automorphism (y2{(3))g\g = 
on S, and thus [S] G i/^(5;A) is invariant under these automorphisms of S and A. Since 
iJ^(G; A) injects into H'^{S;A) under restriction, this proves that [G] is also invariant, and 
hence that there is an automorphism a G Aut{G, S, A) as desired. 

Thus (ui,ri){a) = (a,r2(/3)). By the commutativity of fl2^ . 

(z>2,r2)(/€i(a)) = (/t2(a),r2(/3)) = (z>2, r2)(/3). 

Hence there is x ^ Hom(G', A) such that A2(t(x)) = fi;i(S)^^ o/3, and the element q?o Ai(x) G 
Aut(G', 5, A) pulls back a G Aut(G', 5) and (3 G Aut[yp(£, A). 

This proves that Out((j) surjects onto the pullback in square (l2T]) . To prove that it 
injects into the pullback, fix a G Aut{G,S,A) such that ^^^([a]) = 1 and z/i([q;]) = 1. 
Upon composing a by an appropriate inner automorphism, we can assume it induces the 
identity on G. Thus Ki{a) = C[x] G Aut[yp(£) for some x G Ng{S) inducing [x] G Aut£(5'), 
where C[x] induces the identity on C. This means that xA G Z{J') (Lemma 11.14( a)). and 
hence xA G Z{G) by assumption. So upon replacing a by a o c^^ G Aut(G) we have an 
automorphism which induces the identity on C and on G. By the exactness of the rows in 
fl22|) again, a = Id, and this finishes the proof. □ 

Lemma 12.171 now implies the result we need about tameness. 

Proposition 2.18. Fix a saturated fusion system T over a finite p-group S. Assume 
J-'/Z{J^) is tamely realized by the finite group G such thatOp'{G) = 1 andZ{G) = Z{T jZiT)) 
Then T is tamely realized by a finite group G such that Z{G) = Z{J^) and G/Z{G) = G, 
and hence Op'{G) = 1. IfGe&ip), then G G 0(p). 

Proof. Set A = Z{J^) and S = S/A for short. By assumption, S G Sylp(G), J-'/A = J^^{G), 
is split surjective, Op>{G) = 1, and Z{G) = Z{J^/A). 
By |BCGL02i Corollary 6.14], the fusion system J-" is realizable, and by the proof of that 
corollary, it is realizable by a finite group G such that 5* G Sy\p{G), A < Z{G), and G/A = G. 
Hence Op'{G) = 1, so Z{G) is a p-group which is central in J^. Thus Z{G) = Z{J^). 
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Let £ C Cg{G) be the full subcategory whose objects are the subgroups P < S such that 
P > A and P/A is J-'/A-centric, and set C = C'^-{G). Then £ is a linking system associated 

to J-' by Lemma [2.171 and A = Z{J-') is invariant under all automorphisms in Auttyp(£) by 
Lemma [1.151 Lemma [2 . 1 71 now implies that the following is a pullback square: 

Out(G, A) — > Outtyp(£) 



Out(G) > Outtyp(£) . 

By assumption, is split surjective. Hence k = HQ\ont(G,A) = Ob(£)) is also split 
surjective by Lemma r2.13[ so is split surjective. Since Outtyp(£) = 0uttyp(£5(G')) by 
Lemma I1.17[ this finishes the proof that J-" is tame. 

By construction, G and G have the same nonabelian composition factors. Hence G G 
ifGG0(p). □ 

One more technical lemma is needed before we can prove Theorem [Al 

Lemma 2.19. Let T be a saturated fusion system over a finite p-group S. If J-" is tame, 
then there is a finite group G such that Opi{G) = 1 and J-" is tamely realized by G. If is 
strongly tame, then G can be chosen such that in addition, G G &{p)- 

Proof. Fix any G which tamely realizes J-'. If J-" is strongly tame, we assume G G (5{p)- 
Thus S G Sylp(G), J-" = J^s{G), and kq is split surjective. Set G = G /Opi{G), and identify 
5* with its image in G. Since G is a quotient group of G, G G ^{p) if G G C5(p). 

By construction, J^s{G) = J^s{G) = and Op'{G) = 1. The natural homomorphism 
from G onto G induces a homomorphism between their outer automorphism groups and an 
isomorphism between their linking systems, and the resulting square 

Out(G) > Out(G) 

KG 

Outtyp(£|(G)) Outtyp(£|(G)) 
commutes. Since kq is split surjective, so is kq- D 

We are now ready to prove Theorem [Al Recall that xtd{J^) denotes the reduction of a 
fusion system J-" (see Definition 12. ip . 

Theorem 2.20. For any saturated fusion system T over a finite p-group S, if xcd^J-") is 

strongly tame, then T is tame. 

Proof. Set Q = Op(^), = CsiQ)/ZiQ), and J^o = G^{Q)/ZiQ). Let xtd{J^) = Tm ^ 
J^m-i C ■ ■ ■ C J^o be a sequence of fusion subsystems, where for each i, Ti = 0^{Fi-i) or 
= (^i-i). Let 5*^ < ■ ■ ■ < S'o be the corresponding sequence of p-groups: each Fi is a 
fusion system over Si. By Lemma [2.3[ Op{J^i) = 1 for each i, and hence Z{J^i) = 1 for each 
i. 

We first show inductively that each of the J-'i is strongly tame. Fix 1 < i < m, and 
assume J^i is tamely realized by Gj G By Lemma r2.19[ we can assume Opi{Gi) = 

1. Thus Z{Gi) is a p-group central in the fusion system J^j, and hence Z{Gi) = 1 since 
Z{Ti) = 1. By Proposition I2.12( a.b). there is a centric linking system associated to J-^-i. 
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Hence by Proposition II. 31( a.b). there are linking systems Ci < associated to Fi < J-i-i 
such that Ci is a centric hnking system (so Ob(£j) is Aut(S'i, J-'j)-invariant), Ob(£j_i) is 
Aut(S'j_i, J-'j_i)-invariant, and is Aut[yp(£j_i)-invariant. Also, £j is centric in by 
Proposition ll.31( a.b) again (and since Z(J^j_i) = 1). By Lemma [2. 11( c). Ci = Cg.{Gi). The 
hypotheses of Proposition 12. 161 are thus satisfied, and hence J^i-i is tamely realized by some 
Gi-i such that Gi < Gi-i and Gi-i/Gi = Ci-i/Ci. In particular, Gi-i/Gi is p-solvable, and 
so Gi-i e iS{p) by Lemma EHHb). 

Since J-^ was assumed to be tamely realized by some Gm ^ ^{p), we now conclude that 
J-Q is tamely realized by Go ^ ®(p)- By Lemma [2. 191 again, we can assume Op/ (Go) = 1, and 
Z(Go) = 1 since Z{J-'o) = 1. Next consider the saturated fusion system J-"* =^ N^^^^\Q) 

over S* = Q-Gs{Q). Since J^* < by Proposition OM c). Op{J^*) = Q hy Lemma 
11.20( e). Let Z{Q) = Zi{Q) < Z2{Q) < ■ ■ ■ < Q he the upper central series for Q. Since 
AutjT. (Q) = Inn(Q), Zi^i{Q) / Zi{Q) is central in J^* /Zi{Q) for each i. Also, by repeated 
apphcation of Proposition Ol if P/Zi{Q) = Z{J^* /Zi{Q)), then P < J=* , and hence P <Q. 
Thus Z{J^* / Zi{Q)) < Z{Q / Zi{Q)) = Zi+i{Q) / Zi{Q) , and these two subgroups are equal. 

Thus J-Q = Gjr{Q) / Z{Q) = IQ is obtained from T* by sequentially dividing out by its 
center until the fusion system is centerfree. By repeated application of Proposition 12. 18[ is 
tamely reahzable by some finite group G* G (S(p) such that Op'(G*) = 1 and Z(G*) = Z{T*). 

By Proposition 12.12( c). there is a centric linking system associated to T . Hence by 
Proposition 11.31( c). there are linking systems C* < C associated to J-"* < J-", where all 
objects in C* are J-'*-centric, Ob(£*) is Aut(S'*, J-'*)-invariant, Ob(£) is Aut(S', J-')-invariant, 
C* is Aut[yp(£)-invariant, and C* is centric in C. By Lemma [2. 11( c) (and since G* G 'S(p)), 
C* = C^l{G*). Hence by Proposition 12.161 J-' is tamely realized by a finite group G. □ 



3. Decomposing reduced fusion systems as products 

If Fi and J-2 are fusion systems over finite p-groups 5*1 and 5*2, respectively, then Fi x F2 
is the fusion system over 5*1 x 5*2 defined as follows. For all -P, Q < x 5*2, if P,, < Si 
denote the images of P and Q under projection to S'j, then 

Homj-^xj-2(P,<5) = {(v5i,V52)|p I V^i e Homj-^(Pi,Qi), {ipi,ip2){.P) < Q} ■ 

Here, we regard P and Q as subgroups of Pi x P2 and Qi x Q2, respectively. Thus Fi x ^2 
is the smallest fusion system over Si x 5*2 for which 

Homj-^xj-2(Pi X P2,Qi X Q2) = Homj-^(Pi,Qi) x Hom^2(P2, (^2) 

for each Pi,Qi < Si. By |BL02t Lemma 1.5], Fi x F2 is saturated if Fi and J-2 are 
saturated. We leave it as an easy exercise to check, for any pair of finite groups Gi, G2 with 
Sylow subgroups Si G Sylp(Gi), that Fsixs-iiGi x G2) = Fs^Gi) x J='s^{G2). 

We say that a nontrivial fusion system F is indecomposable if it has no decomposition 
as a product of fusion systems over nontrivial p-groups. The main result in this section is 
Theorem [Cl every reduced fusion system has a unique decomposition as a product of reduced 
indecomposable fusion systems, and the product is tame if each of the indecomposable factors 
is tame. The first statement will be proven as Proposition 13.61 and the second as Theorem 

We first prove the following easy lemma about fusion systems over products of finite 
p- groups. 



46 



KASPER ANDERSEN, BOB OLIVER, AND JOANA VENTURA 



Lemma 3.1. Let Si, S2 be a pair of finite p-groups, and set S = Si x S2- For each subgroup 
P < S which does not split as a product P = Pi x P2 for Pi < S^, there is x & Ns{P)\P 
such that Cx G Op(Aut(P)). Hence for each saturated fusion system T over S, and each 
subgroup P < S which is -centric and J-'-radical, P = Pi x P2 for some pair of subgroups 

P^ < S,. 

Proof. We prove the first statement; the last then follows by Lemma [1 .41 

Fix P < S. For i = 1,2, let Pj < Si be the image of P under projection. Thus P < PiX P2. 
Let Zk{P) and Zk{Pi) be the k-th terms in the upper central series for P and Pi] i.e., 
Zi{P) = Z{P) and Zk+i{P) / Zk{P) = Z{P/Zk{P)). We claim that for each k, 

Zk{P)=Pn{Zk{Pi) X Zk{P2)) . (1) 

This is clear for k = 1: an element of P is central only if it commutes with all elements in 
Pi and all elements in P2. If ([T]) holds for k, then P/Zk{P) can be identified as a subgroup 
of (Pi/Zfc(Pi)) X {P2/ Zk{P2)) (a subgroup which projects onto each factor), and the result 
for Zfc_|_i(P) then follows immediately. 

If P < Pi X P2, then choose x e Np^^p^{P)\P (see [Sill Theorem 2.1.6]). By ^, 
conjugation by x acts via the identity on each quotient Z^^i^P) / Z^^P). So G Op(Aut(P)) 
by Lemma II. 6[ □ 

The next lemma gives some basic properties of product fusion systems. 

Lemma 3.2. Assume Ti and T2 o'^e saturated fusion systems over finite p-groups Si and 
5*2. For each i = 1,2, let J^- <Z J^i be a saturated fusion subsystem over S^ < Si. 

(a) If J^i ^ J^i for i = 1,2, then x J^!^ is normal in J^iX J^2- 

(b) If J^'i has index prime to p in Ti for i = 1,2, then x has index prime to p in 

Tl X J^2- 

Proof. Set S = SiX S2, S' = S[x S'^, = J^i x J^2, and J^' = J^[x 7'^. 
(a) Since 5*,' is strongly closed in Ti, S' is strongly closed in T . 

Fix P,Q < S' and if G IIomjr(P, Q). Let Pi,Qi < S'i be the images of P and Q under 
projection to S*-. Then ip = {ipi,(p2)\p for some ipi G Homjr. (Pj, Qj). By condition (ii) 
in Definition I1.18[ there are morphisms G Autj-.(5'-) and (p'i G IIomjr^(aj(Pj), Qj) such 
that (pi = (p'i o ai\p^^a,xp,)- " = ("1,02) G Autjr(S"), and set ip' = {ip[,ip2)\a{p)- Then 
ip'{a{P)) < Q, so ip' G IIomjr/(Q;(P), Q) and ip = ip' o a\p^a(P)- This proves condition (ii) for 
the pair J^' C J^. 

Let P,Q < S' and Pi,Qi < S'i be as above, and G.x ip = {ipi,ip2)\p G Homjr/(P, Q) and 
/3 = {Pi,(32) G Aut^(y). Then (3iipi(3^^ G Rom^^{f3i{Pi), (3i{Qi)) by condition (iii) for the 
normal pair J"/ < Ti. Also, /3(^/3-i(/3(P)) < /3(g),' and hence ^ip^"^ G Hom^,(/3(P), /3(Q)). 
This proves condition (iii) for the pair T' C , and finishes the proof that T' is normal in 
T. 

(b) Note that 5*^' = Si, since J-J has index prime to p in J-'j. Since T'i 3 Of (J'i), it suffices 
to prove this point when T'i = {T), and thus when T- < Ti (Proposition II . 25( b) ) . Hence 
T'l X T'2 is normal in Ti x T2 by (a). Since they are fusion systems over the same p-group, 
the result now follows by Lemma 11.261 □ 

We next prove the following criterion for a reduced fusion system to decompose: T factors 
as a product of fusion subsystems whenever S factors as a product of subgroups which are 
strongly closed in T . 
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Proposition 3.3. Let T be a saturated fusion system over a finite p-group S = SiX ■ ■ - x Sm, 

where Si, . . . , Sm are all strongly closed in T. Set Ti = J-'\si (i = l,..-,m): the full 
subcategory of T with objects the subgroups of Si, regarded as a fusion system over S^. For 
each i, let S* = Ylj^i ^j' identify S = Si x S* , and let T[ C J^j be the fusion subsystem over 
Si where for P,Q < Si, 

Hom^;(P,Q) = {^e Hom^, (P,Q) | {^Ms*) e Hom^(P x S*,Qx S*)} . 

Then J-'I and J-'i are saturated fusion systems for each i, O^' (J-'i) C J^-; and 

J-'[ X ■ ■ ■ X ^ J^ <Z J^i X ■ ■ ■ X 

If O^' {J-') = J-', then J^l = Ti for each i, and hence J-' = J-'i x ■ ■ ■ x J^rn- 

Proof. Fix z G {1, . . . , m}. We first claim tliat 

^ P,Q < Si and (p G Homjr. (P, Q), there are ip G Autjr(5'*) and x ^ Autjr. (Sj) 
sucli tliat {{p, ip) G Homjr(P x S* , Q x S*) and x\q ° £ Homjr^(P, Si) . 

If if{P) is fully centralized in J-", the existence of ijj follows by the extension axiom, and 
since the Si are all strongly closed in J-'. The general case then follows upon choosing 
a G Iso jr((p{P), R) where P < S'j is fully centralized in J^, and applying the extension axiom 
to ao(f and to a. By the extension axiom again, this time applied to ip, there is x such that 
ix^^ji') ^ Autjr(S'), and hence x\q ° f ^ Homjr^(P, Si). This finishes the proof of ([2]). 

Two subgroups of Si are J-^-conjugate if and only if they are J-'-conjugate; and they 
cannot be J-'-conjugate to any other subgroups of S since Si is strongly closed. Also, for 
P < Si, \Ns{P)\ = \NsSP)\-\S*\ and \Cs{P)\ = \CsXP)\-\S*\. Hence P is fully normalized 
(centralized) in J^i if and only if it is fully normalized (centralized) in J-". By P,Q < Si are 
J-i-conjugate only if P is J-J-conjugate to a subgroup in the Autjr. (S'j)-orbit of Q, and hence 
P is fully normalized (centralized) in J-'i if and only if it is fully normalized (centralized) in 

J^l. Also, in the context of axiom (II), = N^^ x S* for all G Mor(j;), and N^^ = N^- 
for all if G Mor(J-'/). Axioms (I) and (II) for J^i and for J-J now follow easily from the same 
axioms applied to J-"; and thus J-i and J-J are saturated. 

Fix P < Si, and choose ip G Autjr^(P) and a G Autj-/(P). By ([2]), there is V G Autjr(S'*) 
such that {(p,ip),{a,\(i) G Autjr(P x S*). Hence ((/Jay^^^ Id) G Autjr(P x S*), ipa^p'^ G 
Autjr'(P), and so Autjr'(P) is normal in Autjr. (P). When P is fully normalized, Autjr/(P) 
contains Aut5,(P) G Sylp(Autj-^(P)), and thus Autj-;(P) > 0'''(Aut^,(P)). Hence Tl has 
index prime to p in Ti (see Definition ll.2ip . and so T'i ^ O^'(J-i). 

Clearly, J-" contains x • • • x J-"^. By Lemma [XT] together with Alperin's fusion theorem 
(Theorem II. 3p . each morphism in J-" is a composite of restrictions of automorphisms of 
subgroups of the form Pi x . . . x Pm for Pi < Si. Since the Si are strongly closed in J^, each 
such automorphism has the form {ipi, . . . , (pm) for some ipi G Autjr(Pj) = Autjr. (Pj). Hence 
for arbitrary P,Q < S, if Pi, Qi < Si denote the images of P and Q under projection, then 
each ip G Homjr(P, Q) extends to some morphism [ipi, . . . ,iprn) where (pi G Homjr(Pj, Qj). 
Since Homj-(Pj, Qi) = Homjr. (Pj, Qi), this shows that C J^^ x ■ ■ ■ x J^^.- 

Since J-'I has index prime to p in J-'i for each i, x ■ ■ ■ x J^^ has index prime to p in 
J^i X ■ ■ ■ X J^m by Lemma [3l2] (b). and hence has index prime to p in J^. So if (J-") = J-', 
then J^ = J^[ X ■ ■ ■ X J^^; and J-'i = J-J for each i by definition of J-^. □ 

Note that if J-" is any fusion system (saturated or not) over a finite p-group S = Si x S2, 
and J-' factors as a product of fusion systems over Si and S2, then the factors must be the 
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fusion subsystems Ti = T[ as defined in Proposition 13.31 In other words, if there is any such 
factorization, it must be unique. 

We next show that a product of reduced fusion systems is reduced. 

Proposition 3.4. Fix finite p-groups Si and S2 and saturated fusion systems J-'i over Si. 
Set T = T\ X J^2- Then 

In particular, T is reduced if and only if J-'i and O'l"^ both reduced. 

Proof Set S = Si X S2. The decomposition of Op (J-") is clear: if P < 5 is normal in J^, then 
so are its projections into Si and S2, and Pi < Ti implies Pi x P2 ^ ^ ■ 

The relation "of index prime to p" among fusion systems is transitive (see Definition 
OTD . and hence 0^\0^\T)) = Op'{T). So by Proposition [331 O^' (T) = T[ x for some 
pair of fusion systems J-J over Si. Also, (J-") C (J-'i) x (J-2) by Lemma [3^ b). so 
J^i C and J-"/ has index prime to p in J-^ since x T'^ has index prime to p in J-". 

Thus J-/ = OP' (j;). 

By definition, 

f)i)P(^) = l,s-^a{s) I s G P < S, a G 0*'(Aut^(P))) = \)X)^{7i) x \)X)^{72) ■ 

Since 0^{J^) is the unique fusion subsystem over f)r)p(J-') of p-power index in J-" (Theorem 
Ola)), we have Of(J^) = Op(J'i) x Op{J^2)- 

The last statement is now immediate. □ 

By definition, every fusion system J-" factors as a product of indecomposable fusion systems. 
The following lemma is the key step when showing that this factorization is unique (not only 
up to isomorphism) when J-" is reduced. 

Lemma 3.5. Let T be a reduced fusion system over a finite p-group S . Assume T = 
J^i X J^2 = -^3 X -^4; where each J-'i is a saturated fusion system over some Si < S . Set 
Sij = Si n Sj for i = 1,2 and j = 3, 4. Then T = J-'is x J^u x J^23 x J^24; where J-'ij is a 
reduced fusion system over Sij . 

Proof. By assumption, the subgroups Si for i G {1,2,3,4} are all strongly closed in J^, and 
5* = 5*1 X 5*2 = S'3 X S'4. Fix x,y E Si which are J-'-conjugate, and choose (p G Homjr((a;), (y)) 
which sends x to y. Write x = X3X4 and y = 1/3 1/4, where X3, 1/3 G ^3 and ^4,^4 G S'4. There 
are homomorphisms (fi G Homjr.((xi), (yi)) for i = 3, 4 which send Xi to yi, and such that ip is 
the restriction of (993,(^4). Hence {(p3,ldsj{x) = 1/3X4, 7/3X4 G 5*1 since 5*1 is strongly closed, 
and thus x^^y^ G 5*13. By a similar argument, x^^y^ G 5*14, and thus x~^y G 6*13 x 5*14. This 
proves that foc(J-'i) < 513 x S14. 

By a similar argument, foc(J-2) < 6*23 x 5*24. Since J-" = J-'i x J^25 it follows that 

fOc(J^) = fOc(J'i) X f0c(J'2) < Su X Su X ^23 X ^24 < ^ • 

Also, foc(J-') = S since J^ is reduced (Theorem II .22( a) ) . so S is the product of the Sij. Since 
the intersection of two subgroups which are strongly closed in J-" is strongly closed in J-", J-" 
splits as a product of reduced fusion systems J^ij over Sij by Propositions 13.31 and 13.41 (recall 
since J-" is reduced). □ 

This now implies the uniqueness of any decomposition of a reduced fusion system as a 
product of indecomposables. 
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Proposition 3.6. Each reduced fusion system T over a finite p-group S has a unique fac- 
torization J-" = J-'i X ■ ■ ■ X J^jn OjS a product of indecomposable fusion systems Ti over sub- 
groups Si < S . Moreover, the Ti are all reduced, and each fusion preserving automorphism 
a G Aut(S', J-") permutes the factors S^. 

Proof. Let = J^i x ■ ■ ■ x Tm = x ■ ■ ■ x be two decompositions as products of 
indecomposable fusion systems. By Lemma 13.51 applied to the decompositions T = T\X 
Wi>2 = ^'i ^ Y\i>2 ■^'ii since T\ and T'^ are indecomposable, either T\ = and 
Y[i>2 -^i ~ Y[i>2 -^i' -^1 is ^ direct factor in Y[i>2 -^i- latter case, we can assume 

by induction on \S\ that the decomposition of ni>2*^i unique, and hence that for some j, 
J^i = J-] and so Hit^i — Yli^j-^i (Lemma 13.51 again). By the same induction hypothesis, 
this proves that the two decompositions are equal up to permutation of the factors. The 
factors J^i are all reduced by Proposition 13.41 

Fix a G Aut(S', J-"). Since S = YYiLi^i^i) a product of subgroups which are strongly 
closed in J^, T factors as a product of saturated fusion systems over the a{Si) by Propo- 
sition |33] (and since (J-") = T\ So a permutes the factors Si by the uniqueness of the 
decomposition. □ 

We are now ready to prove that a product of reduced, indecomposable, tame fusion systems 
is tame. Together with Theorem 12. 20^ this shows that any "minimal" exotic fusion system 
is indecomposable as well as reduced. 

Theorem 3.7. Fix a reduced fusion system T over a finite p-group S , and let T = T\X 
■ ■ ■ X Tm be its unique factorization as a product of indecomposable fusion systems. If Ti is 
tame (strongly tame) for each i, then T is tame (strongly tame). 

Proof. Let S* = 5*1 x ■ ■ ■ x Sm be the corresponding decomposition of p-groups; i.e., J-^ is a 
fusion system over Si. Assume each J-'j is tame, and let Gi be a finite group which tamely 
realizes J-^. Assume also that these are chosen so that Gi = Gj if J-^ = J^j. Set £j = Cg.{Gi). 

Set G = Gi X ■ ■ ■ X Gm, = C%{G), and £ = £i x ■ ■ ■ x Cm- We identify C with the full 
subcategory of £ having as objects those P = Pi x • ■ ■ x P^, where Pi G Ob(£j). Note that 
C is not a linking system, since Ob(£) is not closed under overgroups. 
Set m = {1, . . . , m}. Define 



such that for each a G Aut,.yp(£), if ^{a) = (ai, . . . , am), then = Iliem ^i- 

To define \E', fix a G Aut°yp(£), and let /3 G Aut(5', J-") be the induced automorphism of 
Lemma [1.151 (i.e., 6s{(3{g)) = a{6s{g)) for g G 5*). Then f3{Si) = Si for each i since Ss is 
injective. Also, by Lemma [1.15[ a(P) = /3(P) for each P G Ob(£), and vroa = c/jovr, where 

G Aut(J-') is conjugation by f3 (and its restrictions). 

Fix i G m, set S* = Ylj^i Sj and C* = Ylj^i A', and identify S = SiX S* and C = CiX C*. 
We claim the following: 

y ip e Mor(£i), 3 aiiij) G Mor(£i) such that a(V', Ids*) = Mi^), Ids*)- (3) 

For each ip G Mor(£j), 

7T{a{ij,ldst)) = Cfs{n{^),lds:) = (c^(vr(V^)), Ids*) G Mor(^) 



Aut: 



'typ 



(£) = {a e Aut[yp(£) I as{Ss{Si)) = Ss{Si) for each i G m} . 




> Aut[ (£i) X ■ ■ ■ X Aut[ (£„) 
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since /3{Sj) = Sj for all j. Hence by axiom (A), «(■?/', Id^*) = {ai{ip),Ss*{z)) for some 
Gi^ip) G Mor(£j) and some z G Z{S*). In particular, ([3]) holds when ip is an automorphism 
of order prime to p. Since a{Sp{x)) = 5^(p)(/3(x)) for all P G Ob(£) and all x G Ns{P) 
(and since f3{Si) = Si), Q also holds when ip = 6p{x) for P < Si and x G Ns-{P)- When 
P G Ob(£j) is fully normalized in J^i, Aut£-(P) is generated by elements of order prime to 
p and by its Sylow p-subgroup 5p(A^5.(P)) (Proposition 11.11( d)). and hence holds for all 
ip G Aut£.(P). Finally, by Theorem II. 121 all morphisms in Ci are composites of restrictions 
of automorphisms of fully normalized subgroups, and hence ([3]) holds for all ip G Mor(£j). 

Now let ctj G Aut(£j) be the automorphism defined by sending P G Ob(£j) to (3{P), and 
ip G Mor(£j) to ai^ip) as defined in ([3]). This is clearly a functor, it is isotypical since a is, 
and it preserves inclusions since a does. Set \E'(a) = (ai, . . . , am)- Since each morphism in 
£ is a composite of restrictions of morphisms of the form {tpi,lds*) for ipi G Mor(£j), the 
restriction of a to £ is Higm'^j- 

By construction, \& is a homo morphism. If \E'(a) = (Id/;^, . . . , Id/;^), then = Id by 
the above remarks, a is the identity on objects since as = IdAut£(5) (Lemma 11.151) . and 
so a = Id£ by Theorem 11.121 and since all J^-centric J^-radical subgroups are objects in C 
(Lemma 13. ip . Hence \l/ is injective. Finally, since Aut£(S') = Iligm ^^t-Ci('S'i), ^ induces a 
monomorphism 

^: Out°yp(£) = Aut°yp(£)/{cc I C G AutciS)} > Outtyp(£i) x ■ ■ ■ x Outtyp(£^) . 

Next consider the equivalence relation ~ on m, where z ~ j if Gj = Gj (equivalently, 
J^i = J^j). Fix isomorphisms Tij G lso{Gi, Gj) for all pairs i ~ j of elements in m, such that 

Tij{Si) = Sj, Tii = Ida,, Tji = T^'^, and th, = Tj^oTij whenever i ^ j ^ k. Let : Ci — ^ Cj 
be the induced isomorphism of linking systems. Then conjugation by Tij sends Outtyp(£j) 
to Outtyp(£j). For each i, fix a splitting Si : Outtyp(£i) )■ Out(G'j) of chosen so that 

Cry oSi = Sj oCr^^ if i ~ j. 

Let E < S„i be the group of permutations cr of m such that cr(z) ~ i for each i. For each 
cr G E, let ac ^ Aut(G') be the automorphism which sends Gi to Ga{i) via rj^o-(j), and set 
= Kci^c)- Thus G Aut(yp(£) sends each Ci to via rj^o-(i)- 

Fix a G Aut[yp(£), and let /3 G Aut(S', J-") be the restriction of as G Aut(Aut£(S')) 
to 5" = Ss{S). By Proposition 13.61 there is a G E.^ such that /3(S'j) = S'o-(j) for each i. 

Since (3 is fusion preserving, J^j = J-'o-(i), and hence i ~ cr(i), for each i. Thus a G E, and 
o a E Aut°yp(£). So Aut[yp(£) is generated by Aut5'yp(£) and the ac- 

Now let s: Outtyp(£) )■ Out(G) be the composite 

Outtyp(£) = Out° (£) X {[?£] I a G E} — ^ (Outtyp(/:i) X ■ ■ ■ X Outtyp(£„)) x S 
^'''-'''"^'> (Out(Gi) X ■ ■ ■ X Out(G^)) X {[ac] k G E} > Out(G) . 

We must show kq o s = Id. Since KG{s{\ac])) = /«g(Pg]) = pr] for cr G E, it will suffice to 
show KG{s{[a])) = [a] for a G Aut° (£). Let Out°(G) < Out(G) be the sub group of classes 
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of automorphisms which leave each Gi invariant, and consider the following composite: 

_ m m 

Out°yp(/:) — ^ J]Outtyp(A) l[Ont{G,) ^ Out°(G) 

1=1 i=l 

_ m 

) OntUO nOutt.p(A) . 

i=l 

Here, (H Si) = s\o^^o^^^c), ^ ° «^Glout«(G) = 11 '^g,, and (H ^^gJ ° (11 = M. This proves 

that \E' o KGlout''(G) ° ■^lout?yp(£) = ^- Since \E' is injective, kg o s = Id on Out°yp(£). Thus s is 
a splitting for k^, and this finishes the proof that J-" is tame. 

If each J^i is strongly tame, then we can choose the Gi to all be in the class &{p). Hence 
G E &{p) by Lemma [2.11( b). and J-" is strongly tame. □ 

Theorem 13.71 does not say that an arbitrary product of reduced, tame fusion systems is 
tame: such a product could conceivably have an indecomposable factor which is not tame. 
However, at least when p = 2, a theorem of Goldschmidt implies this is not possible. 

Theorem 3.8. Assume p = 2, and let J-' be a reduced fusion system over a 2-group S. 
Assume T = T2, where Ti is a fusion system over Si and S = Si x 82- Then T 

is realizable, tame, or strongly tame if and only if T\ and T2 are both realizable, tame, or 
strongly tame, respectively. 

Proof. Assume J-" = J^siG), where G is a finite group and S G Syl2(G). If is tame, we 
also assume is split surjective, and if J-" is strongly tame, we also assume G G (3(2). By 
Lemma [2. 191 we can assume 02i{G) = 1. 

Let Gi < G he the normal closure of 5*^ in G. Since J-' factors as a product J^i x J^2, the 
subgroups Si and 5*2 are strongly closed in J^, and hence strongly closed in G in the sense 
of [Gd]. So by Goldschmidt 's theorem [Gdl Corollary Al], Gi n G2 = 1- Thus Gi x G2 is 
a normal subgroup of odd index in G. Since J-' = J^siG) has no proper normal subsystem 
of odd index (since it is reduced), J-'s{G) = J-'s{Gi x G2) = J^sAGi) x J^s^{G2)- Hence 
J^i = J^Si{Gi) for z = 1, 2 (there can be at most one way to factor J-" as a product of fusion 
systems over the Si), and thus each J-^ is realizable. 

Set £ = CsiG) and = £|^(G,). Define $: Aut[yp(£i) x Aut[yp(£2) > Aut[yp(i:) 

as follows. Fix G Aut[yp(£j) {i = 1,2). Let /3i G Aut(S'i,J^i) be the corresponding 
automorphisms (see Lemma fl.lSp . and set (3 = (/3i,/32) G Aut(S', J-"). Thus ai{Pi) = (3i{Pi) 
for each Pi G Ob(£j) and n{ai{ipi)) = I3in{ipi)l3~^ for ipi G Mor(£j). Define a G Aut[yp(£) 
on objects by setting a{P) = (3{P) for P G Ob(£). Fix G Morc{P,Q), let Pi,Qi < Si be 
the images of P and Q under projection, and set P = Pi x P2 and Q = Qi x Q2. Since G 
and Gi x G2 have the same fusion system over S, ip = [g] for some g = {gi, (72) £ Ng{P, Q), 
where g^ G Gj. Then gi G NcXftjQi): and hence ip extends to -0 = (V'l, V'2) ^ Mor£(P, Q) 
where ipi = [gi] G MoidPuQi)- Also, 7r(ai(?/'i), 02(^2)) = /3(7r(V'i), 7r(?/'2))/3"^ sends (3{P) 
into l3{Q), and we define a{ijj) = (cn(^/'i), a2(V'2))|/3(P),/3(Q)- Finally, a G Aut[yp(£) since 
ctj G Aut[yp(£j), and we set $(0:1,02) = a. 

Assume J-' is tamely realized by G, and let s: Outtyp(£) > Out(G) be a splitting for 

Kg- For each oi G Aut[yp(£i), s([$(q;i, Id^j)]) = [7] for some 7 G Ant{G,S) such that 
7I52 = Id. Also, 7(^2) = G2 since G2 is the normal closure of S2 in G, and so 7 induces 
7 G Aut(G/G2, 5"!). The class [7] G Out(G/G2) is independent of the choice of 7 modulo 
Inn(G), and hence this gives a well defined homomorphism si from Out^ (£1) to Out(G/G2). 
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Also, J-'si{G/G2) = J^/S2 = J^i, SO Cg^{G/G2) = Ci, and si is a splitting for kg/Gj since 
s is a splitting for kq- Thus J-'i is tame, and J-2 is tame by a similar argument. If J-" is 
strongly tame, then we can choose G G (5(2), so G/Gi G C5(2) (i = 1,2) by Lemma 1^.1 1( b). 
and hence J-'i and J-2 are strongly tame. 

This proves the "only if" part of the theorem. Clearly, J-" is realizable if both factors 
are. If J-'i and J^2 are both (strongly) tame, then we have just shown that each of the 
indecomposable factors of J-'i and J^2 is (strongly) tame, and so J-' is (strongly) tame by 
Theorem 13. 7[ □ 



4. Examples 

We now give three families of examples, to illustrate some of the techniques which can be 
used to prove tameness of reduced fusion systems. As an introduction to these techniques, 
we first list the reduced fusion systems over dihedral and semidihedral groups and prove 
they are all tame. Next, we prove that certain fusion systems studied in |0V2t §4-5] are 
reduced and tame; as a way of explaining how the information about these fusion systems 
given in |UV2j is just what is needed to prove tameness. As a third example, we prove that 
the fusion systems of all alternating groups are tame, and that they are reduced with certain 
obvious exceptions. 

In general, tameness is shown by examining, for a p-local finite group {S, J-', C) realized 
by G, the homomorphisms 

Out(G) — Outtyp(/:) > Out{S,T) 

defined in Sections 12.21 and 11.31 By definition, J-' is tame if kg is split surjective (for 
some choice of G). However, the group Out(5', J-') is usually much easier to describe than 
Outtyp(£), and the composite fic ° t^G is induced by restriction to S. So we need some way 
of describing Ker^fic)- 

We first recall some definitions. A proper subgroup if ^ G of a finite group G is strongly 
p-embedded if and for each g G H fl gHg~^ has order prime to p. It is not 

hard to see that G has a strongly p-embedded subgroup if and only if the poset Sp{G) of 
nontrivial p-subgroups is disconnected (cf. [HB3i Theorem X.4. 11(b)]), but we will not be 
using that here. 

When J^ is a saturated fusion system over a finite p-group 5*, then a proper subgroup P ^ S 
is J^-essential if it is J-'-centric and fully normalized, and Outjr(P) contains a strongly p- 
embedded subgroup. Thus each J-'-essential subgroup is fully normalized and J-'-centric by 
definition, and is J-'-radical since Op{T) = 1 for any group T which has a strongly p-embedded 
subgroup. See, e.g., [Sz2[ Theorem 6.4.3] for a proof of this last statement (it is shown there 
only for p = 2, but the same proof works for odd primes). The following proposition is 
a stronger version of Theorems 11.31 and 11.121 and helps show the importance of essential 
subgroups when working with fusion systems. 

Theorem 4.1. Let T he any saturated fusion system over a finite p-group S. Let £ he the 

set of F -essential suhgroups of S, and set £^ = £ U {S}. Then each morphism in T is 
a composite of restrictions of elements of Autjr(P) for P E £+. If C is a linking system 
associated to T , then each morphism in C is a composite of restrictions of elements of 
kntc{P) forPe £+. 



REDUCED, TAME, AND EXOTIC FUSION SYSTEMS 



53 



Proof. The statement about morphisms in J-" is shown in Pg2[ § 5] , and also in |0V2t Corol- 



lary 2.6]. The second statement follows from this together with Proposition II. Uf a) (and 
since Ob(£) is closed under overgroups). □ 

The following proposition will be useful when describing Ker(/iG), and for determining 
whether or not explicit elements in this group vanish. In fact, it applies to help describe 
Ker(/i£), when C is an arbitrary linking system (not necessarily induced by a finite group). 
For any fusion system J-" over S and any P < S, we write 

Cz(P)(Aut^(P)) = {ge Z{P) I a{g) = g for all a G Aut^(P)} 

and similarly for Cz(p){A.VLts{P)) and C z{p){Autc{P)) ■ 

Proposition 4.2. Let be a saturated fusion system over the finite p-group S , and let C 
be a linking system associated to T . Let C be the full subcategory whose objects are the 
J-'-centric objects in C. Each element in Ker(/i£) is represented by some a G Aut(yp(£) such 
that as = IdAut£(5)- Por each such a, there are elements gp G Cz{p){Auts{P)) , defined for 
each fully normalized subgroup P G Ob(£^), for which the following hold: 

(a) ap G Aut(Aut£(P)) is conjugation by 6p{gp), and gp is uniquely determined by a mod- 
ulo Cz(p)(Autjr(P)). In particular, ap = IdAut£(P) if and only if gp G C^(p)(AutjF(P)). 

(b) Assume P,Q E Ob(£'^) are both fully normalized in T . If Q = aPa^^ for some a E S, 
then we can choose gg = agpa~^. More generally, if Q is -conjugate to P, and there 
is C E lsoc{P, Q) such that a{Q = (, then we can choose gq = Tr{(){gp). In either case, 
ap = IdAut£{P) if and only if aQ = IdAut^CQ)- 

(c) IfQ < P are both fully normalized objects in , thengp = gq (modCz{q){A.utjr[P,Q))), 
where Ant jr[P, Q) is the group of those (f G Autjr(P) such that f{Q) = Q. 

(d) Let £ be the set of all -essential subgroups P ^ S and let Sq S be the subset of those 
P E S such that Cz{p){Autjr{P)) ^ C^(p)(Aut5(P)). Then [a] = 1 in Outtyp(£) if and 
only if there is g E Cz{s){Autjr(S)) such that gp E g-Cz{p){Autjr(P)) for all P E Sq. 

(e) Let Sq be as in (d), and let £q be the set of all P E £q such that P = Cs{E) for some 
elementary abelian p-subgroup E < S which is fully centralized in T . Then \a\ = 1 in 
Outtyp(£) if and only if there is g E C^(5)(AutjF(S')) such that gp E g-Cz{p){ Ant jr{P)) 

for all P E £q. In fact, it suffices that this hold for at least one subgroup P E So in each 
J^-conjugacy class intersecting Sq nontrivially . 

Proof. We identify S with 6s{S) < Aut£(S') for short. Fix a E Aut(yp(£) such that [a] E 
Ker(yU£). Set /3 = ]lc{a); thus (3 E AutjF(S'). Choose ( E Aut£(S') such that 7r(^) = (3. Then 
V'ci.Ci^) = /3 by axiom (C) for the linking system £, and so upon replacing a by a o c^~^, we 
can arrange that as is the identity on 5s{S) < Aut£(5'). We will show in the proof of (a) 
how to arrange that 0:5 = IdAut£{s)- 

(a) Fix a fully normalized subgroup P G Ob(£'^). Set F = Aut£(P) for short, and identify 
P with 5p{P) < F. Set Out(F,P) = Aut(F, P)/Inn( F) wh ere Aut(F,P) < Aut(F) is the 
subgroup of automorphisms leaving P invariant. By |UV2t Lemma 1.2], there is an exact 
sequence 

1 > H\T/P-Z{P)) — ^ Out(F,P) — ^ Aro,t(P)(Outr(P))/Outr(P), 



where R is induced by restriction. Since ap E Aut(F) and ap\sp[Ns{P)) = Id, [ap] E Ker(P), 
and 77~^([ap]) is trivial after restriction to H^{Ns{P)/P; Z{P)). The restriction map from 
H\T/P; Z{P)) to H\Ns{P)/P; Z{P)) is injective since 5p{Ns{P)) E Sylp(F) (Proposition 
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11.11( d)). and hence [ap] = 1. Thus ap = csp(gp) for some gp G Z{P) which is uniquely 
determined modulo Cz{p)(X) = C^(p)(Autjr(P)). Also, gp G Cz{p){Auts{P)), since ap is 
the identity on 6p{Ns{P)). 

Set 7 = 6s{gs) £ Aut£(S'). Upon replacing a by a o c;^^, we can arrange that 0:5 = Id. 

(b) Assume C e Iso£(P, Q) and a{() = (. Fix ijj G Antc{Q), and set if = C"VC ^ Aut£(P). 
Set g = Tr{Q{gp); then ( o 5p{gp) o = dqi^g) by axiom (C) for a linking system. Hence 

and we can choose gg = g. 

If Q = aPa~^ and ( = 6p^Q{a), then a{() = ( since as = Id (and since a sends inclusions 
to inclusions). So again we can choose gq = Ca{gp). 

In either case, gp G Cz{p){Autjr(P)) if and only if gq G C^(Q)(Autjr((5)), and hence 
ap = Id if and only if aq = Id. 

(c) Assume Q < P, and let Aut£(P, Q) be the group of elements ^ Aut£(P) such that 
7t{iIj){Q) = Q. Then a commutes with the restriction map 

Resg: Aut£(P,Q) > Autc{Q) 

which is injective by Proposition 11.11( f). So if a acts on Aut£(P, Q) via conjugation by 
Sp{gp) and on Aut£(Q) via conjugation by Sq{gq), they must have the same action on 
Aut£(P, Q). Since gq and gp both lie in Z{Q) > Z{P), we conclude gq = gp (mod 
Cz(Q)(Aut^(P,Q))). 

(d) By Theorem 14. H all morphisms in C are composites of restrictions of elements in 
Aut£(P) for P J-'-essential 01 P = S. Hence if a 7^ Id^, then since as = Id by assumption, 
ap 7^ Id for some P E £. By (a), gp G C2(p)(Aut5'(P)) but gp ^ C2(p)(Autjr(P)), and so 
P G Eq. The converse is clear: if a = Id^, then ap = Id and hence gp G Cz{p){Autjr(P)) for 
all P G So. 

By definition, [a] = 1 in Outtyp(£) if and only if a = for some (3 G Aut£(5'). Since 
as = Id, /3 G Z{Antc{S)), and hence (3 = Ss{g) for some g G C^(5)(Autjr(5')). Thus [a] = 1 
if and only if a = cs^^g) for some g G Cz{s){Autjr(S)), which we just saw is the case exactly 
when g'^gp G Cz(p) (Autjr(P)) for all P G Sq. 

(e) We first prove the following statement: 

a = ldc ^ gpE Cz(P)(Aut^(P)) for all P G ^0 

<^=^ WP E £o3Q E So J-'-conjugate to P with gq G Cz{q){Autjr{Q)) . 

The first statement implies the second by (a), and the second implies the third tautologically. 

Now assume a 7^ Id£. As was just seen in the proof of (d), there is P G £^0 such that 
gp ^ C z{p){Autjr[P)) . Assume P is such that |P| is maximal among orders of all such 
subgroups. We will show that P E Sq (possibly after replacing P by another subgroup in its 
J-'-conjugacy class), and that gq ^ Cz{q){Autjr(^Q)) for each Q E Sq which is J-'-conjugate to 
P. This will prove the remaining implication in ([1]). 

We first check that 

T G Ob(£) and |T| > |P| =^ = Id . (2) 

If T = S* or T G £^0, this follows by assumption. If T G S^Sq, then gT G Cz{T){Auts(T)) = 
Cz(r)(Autjr(T)), and hence ar = Id by definition of gr- Otherwise, each ip G Aut£(T) is a 
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composite of restrictions of automorphisms of subgroups in £^ U {S*} (Theorem 14. ip . each of 
those automorphisms and its restrictions are sent to themselves by a, and hence = 4'- 

We next claim that 

for all Q J-'-conjugate to P, there is C £ Iso£(P, Q) such that ap^Q{() = (. (3) 

Choose any (q G lsoc{P,Q)- By Theorem 14.11 again, (q is the composite of restrictions of 
automorphisms ipi G Ant c{Ri) for subgroups Ri < S with > |P|. If we remove from 
this composite all ipi for which \Ri\ = \P\, we get an isomorphism ( G Iso£(P, Q) which is 
a composite of restrictions of automorphisms of strictly larger subgroups. We just showed 
that aRXi^i) = i^i whenever \Ri\ > \P\, and thus q;p,q(C) = C- 

Set E = Qi{Z{P)): the p-torsion subgroup of the center Z{P). If E is not fully normalized 
in J-", then choose (f G IIomjr(A^5(£'), 5") such that (p{E) is fully normalized (using |BL02t 
Proposition A.2(b)]). Then ipip) is fully normalized since Ns{ip{P)) > ip{Ns{P)). By ([3]), 
there is C G ^^oc{P,f{P)) such that ap^^(p)(C) = C- So a^(p) 7^ Id by (b). Upon replacing 
P by (p{P) and E by (p{E), we can now assume E and P are both fully normalized. 

Set P* = Ncg{E){P) > P and F = Aut£(P) for short. To simplify notation, we iden- 
tify Ns{P) with 6pINs{P)). Then E < T, so Cr{E) < T; and P* G Sylp(Cr(£^)) since 
Ns{P) G Sylp(r) (Proposition 11.11( d)). Also, Cy{Z{P)) < F, and has p-power index in 
Cy{E) since each automorphism of Z{P) which is the identity on its p-torsion subgroup 
E has p-power order (cf. [Gl Theorem 5.2.4]). Hence each Sylow p-subgroup of Cr(P) is 
Cr(2'(P))-conjugate to P* = CNg(p)iE). By the Frattini argument, 

F = Nr{P*)-CriZiP)) . (4) 

Since ap 7^ Idr is conjugation by gp G Z{P), ap is the identity on Cr{Z{P)). Hence by 
(jl]), ap is not the identity on Nr{P*). By Proposition 11.11( e). each a G Nr{P*) extends 
to a G Aut£(P*), and thus ap* ^ IdAut£(p*)- If Cs{E) > P, then P* = Ncs{e){P) ^ P 
(cf. |Szlt Theorem 2.1.6]), which would imply ap* = Id by (|2]). We now conclude that 
Cs{E) = P, and hence that P G So- 

Assume Q G 8q is J-'-conjugate to P. By ([3]), there is C £ Iso£(P, Q) such that a{() = (. 
So by (b), aQ 7^ Id since ap 7^ Id, and this finishes the proof of ([1]). 

The rest of the proof of (e) is identical to that of (d). □ 

As one simple application of Proposition 14.21 consider the group G = Aq = PSL2{9). Set 

Ti = ((12)(34),(13)(24)) = , T, = ((1 2)(3 4), (3 4)(5 6)) - , 

and S = (Ti,T2) G Syl2(G), and let J" = J^s{G) and C = ^^G). Then S = So = 
£0 = {Ti,T2}. Set g = (5 6), and consider the automorphism a = Kcicg) G Aut[yp(£). 
Then a G KeriJlG), since [g,S] = 1 (and since JIg sends (3 G Aut(G', S*) to f3\s)- 
Since [g,NG{Ti)] = 1, ar^ = IdAut£(Ti)- Since (12)(3 4)(5 6) commutes with Ng(T2) = 
(T2, (13)(2 4), (13 5)(2 4 6)), ar^ acts on Aut£(T2) ^ Ng{T2) as conjugation by a; = (12)(3 4) G 
Z{S). So in the notation of Proposition 14. 2[ gx^ = 1 and gT2 = x. In both cases, 
Cz(T,)(AutjF(Tj)) = 1, so the gr^ are uniquely determined. Hence by Proposition 14.2( d). 
[a] = tiG{[cg]) represents a nontrivial element in Ker(/iG'). 

If [a] G Ker(/XG) is arbitrary, represented by a G Aut[yp(£) such that as = IdAut£(5)5 then 
by Proposition 14.21 again, gx^ G Z{S) for i = 1,2, and [a] = 1 if and only if gx^ = gT2- Thus 
Ker(/iG) — C2 is generated by ^^([cg]) as described above. Using this, and the well known 
description of Out{AQ) = C|, it is not hard to see that kg is an isomorphism from Out(G) 
to Outtyp(£). 
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This example will be generalized in two different ways below: to other groups PSL2{q) 
for q = ±1 (mod 8) in Proposition \4:.3\ and to other alternating groups in Proposition 14.81 



4.1. Dihedral and semidihedral 2-groups. 

As our first examples, we list all reduced fusion systems over dihedral and semidihedral 
2-groups, and prove they are all tame. The list of all fusion systems over such groups is well 
known; it turns out that each of them supports exactly one fusion system which is reduced. 

As usual, Vp{—) denotes the p-adic valuation: Vp{n) = k if p^|n but p^~^^\n. 

Proposition 4.3. Let S be a dihedral group of order 2'^ (k > 3). Then there is a unique 
reduced fusion system T over S , and it is tame. Let q be a prime power such that V2{q'^ — 1) = 
k + 1, setG = PSL2{q), and fix S* e Sjl^iG). Then S ^ S* and ^ J^S'{G); and kg is 
an isomorphism if q = p^ for some prime p = 5 (mod 8 ). 

Proof. Fix a,b E S such that (a) has index two and S = {a,b). For each z G Z, set 
Tj = (a^ , a*6) = C|. Two subgroups Tj and Tj are ^-conjugate if and only if i = j (mod 
2). Set V = {Ti\ie Z}. 

If P < ^ is cychc of order 2™, then Aut(P) = (Z/2'")^ is a 2-group. If P < 5 is dihedral 
of order 2"^ > 8, then there is a unique cyclic subgroup of index two in P, and Aut(P) is a 
2-group by Lemma [1.61 Thus the only subgroups P < S for which Aut(P) is not a 2-group 
are the Tj. 

Define J-" to be the fusion system over S generated by the automorphisms in Inn(5'), 
Aut(P) for P G P, and their restrictions. Assume J-" is saturated (this will be shown later). 
Then foc(J^) = ([5, S],V) = S, and hence 0\J^) = T (Theorem 02Ka)). Also, 0'^\T) = T 
since any normal subsystem of odd index would have to contain the same automorphism 
groups, and O^iT^ = 1 by inspection. Thus T is reduced. 

Let be an arbitrary saturated fusion system over S such that foc(J-'*) = S. Let E 
be the set of all J-'*-essential subgroups of S. If P G then Aut(P) must have elements 
of odd order, and hence P G "P. For each Tj G P, Aut(Tj) = E3 and Aut5'(Tj) = Ci- 
Hence Autjr*(Tj) = Aut(Tj) if Tj G E. Since Aut(S') is a 2-group, Theorem 14. II implies 
is generated by automorphisms in Autj-*(S') = Inn(S'), the Aut(P) for P G £^ C P, and 
their restrictions. In particular, foc(J-'*) < ([5, 5'],£^), and this has index at least two in 5* if 
£ C p. Hence E = V, and so 7* = J= . 

Set G = PSL2{q) for any prime power q = ±1 (mod 8), and fix S* G Syl2(G'). As is well 
known, S* is a dihedral group and \G\ = \q{q^ — 1), so S* = D2k where k = V2{q^ — 1) — L 
So we identify S* = S for 5* as above. Since G is simple, ^oc{Fs{G)) = S r\[G,G] = S 
by the focal subgroup theorem (cf. [G], Theorem 7.3.4]), and we have just seen this implies 
J^s{G) = J-". In particular, is saturated, and hence reduced. 

Now assume q = p^* ^, where p = 5 (mod 8) (and k > 3). The homomorphism is an 
isomorphism in this case by |BL01t Proposition 7.9], where it is shown more generally for 
p = ±3 (mod 8). But we give a different proof here to illustrate how Proposition 14.21 can be 
applied. 

Set G = SL2{q). Fix u G F^^ of order 2\ Set S = ( ^ ) andb= and let a, 6 G G 

be their images in the quotient. Then S =^ (a, b) G Syl2(G). Let 6 G Aut(G) be conjugation 
by (01)' then 6{a) = a and 6{b) = ab. Since u is not a square in F^, [S] generates the 
subgroup (of order 2) of diagonal automorphisms in Out(G). 
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By IHl §3], Out(G) = {[6]) x {[^p]) = C2 x €2^-2, where ipP is the field automorphism 
which acts via x ^ on matrix elements. Also, ip^la) = and ipP{h) = b. Since p = 5 
(mod 8), [S\s] and [ip^ls] generate Out(S'). Thus 

I^goKg: Out(G) > Out (5, = Out(S) 

is surjective with kernel generated by [a], where a = {^jj^Y'' ^ is the field automorphism of 
order 2. 

To prove that is an isomorphism, it remains to show that Ker(/iG') has order 2 and is 
generated by ^^([a]). Set w = a? G Z{S). We refer to Proposition 14.21 Since a is the 
identity on = Ng{S) (a(a) = a since the field automorphism of order two sends u to —u), 
there are elements G C^(7^)(Aut5(Tj)) = {w) for each i such that 1Zg{c() acts on Aut£(Tj) 
via conjugation by qt^- These elements are uniquely defined since C^(Ti)(Autjr(Tj)) = 1. 

When i is even, Tj < Gq =^P5'L2(yg) (recall Tj = (a^'' ^,a^b)), and NGo(Ti) has index at 
most two in NG(Ti). Since q;|go = Id and a|5 = Id, a is the identity on NG(Ti) = S4 in this 
case, and so gx^ = 1. 

Now consider Tj for odd i. Let Tj = Qg be the inverse image in G of Tj < G, let w be any 
lifting of w to G, and set z = = ( ) G Z{G). Since the field automorphism of order 
two sends u to —u, it sends a*6 to za^b. If a acted on NciTi) = S4 via the identity, then its 
action on N^iTi) would be the identity on a subgroup of index two, which necessarily would 
include Tj. Since this is not the case, we conclude that a acts via conjugation by w, and 
thus that = w for i odd. 

By Proposition 14.2( d) . since gr^ = 1 and gT^ = w (and C2(Ti)(Autjr(Tj)) = 1), fi;G([a;]) ^ 1 
in Outtyp(£), and it is the only nontrivial element in Ker(/iG). Thus Ker(/iG) = C2, which 
is what was left to prove. □ 

We now consider the semidihedral case. 

Proposition 4.4. Let S be a semidihedral group of order 2^ (k > 4). Then there is a 
unique reduced fusion system T over S , and it is tame. Let q be a prime power such that 
y^[q-l) = k-2, set G = PSUsiq), and fix S* G Syl2(G'). Then S ^ S* and T = Ts*{G), 
and Kg is an isomorphism if 3\{q + 1) and q = * for some prime p = 5 (mod 8). 

Proof. Fix a, 6 G such that (a) has index two, 6^ = 1, and S = {a,b). Then \a^b\ = 2 
for i even and |a*6| = 4 for i odd. For each z G Z, set Tj = (a^*" ^,a'^^b) = C|, and 
Ri = {a''-\a^'+'b)^Qs. The are all ^'-conjugate to each other, and similarly for the Ri. 
Set V = {Ti,Ri \ieZ}. 

As shown in the proof of Proposition 14.31 Aut(P) is a 2-group for each P < S which is 
cyclic, or dihedral of order > 8. The same argument applies when P is quaternion of order 
> 16, and also to S itself. Thus the only subgroups P < S" for which Aut(P) is not a 2-group 
are those in V. 

Define J-" to be the fusion system over S generated by the automorphisms in Inn(S'), 
Aut(P) for P G and their restrictions. Assume J-" is saturated (to be shown later). Then 
foc(J^) = {[S, S],V) = S, and hence 0^{T) = T (Theorem Ola)). Also, 0'^\T) = T since 
any normal subsystem of odd index would have to contain the same automorphism groups, 
and 02(J-') = 1 by inspection. Thus T is reduced. 

Let T* be an arbitrary saturated fusion system over S such that foc(J-'*) = S. Let E be 
the set of all J-'*-essential subgroups of S*. If P G then Aut(P) must have elements of 
odd order, and hence P G P. For all P G P, [Aut(P):Aut5(P)] = 3, and hence Autj-.(P) = 
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Aut(P) if P E £. Since Aut(S') is a 2-group, Theorem 14.11 imphes J-"* is generated by 
automorphisms in Autjr. (S*) = Inn(S'), the Aut(P) for P E S, and their restrictions. In 
particular, foc(J-'*) < {[S,S],S), and this has index at least two in 5" if £^ ^ "P. Hence 
S = V, and so J^* = 7. 

Fix a prime power g = 1 (mod 4), set G = PSUs^q), and fix S* G Syl2(G'). Then 
1^*1 = - + 1) where d = gcd(3, g + 1) [El P- 118], and hence 15*1 = 2^ where 

A; = f2(g — 1) + 2. Since GU2{q) has odd index in SUs^q), and the Sylow 2-subgroups of 
GU2{q) are semidihedral by |CFl p. 143], the Sylow 2-subgroups of SU^i^q) and of G are 
also semidihedral. Thus 5** = SD2k, and we identify S"* = S* as above. Since G is simple, 
foc{J^s{G)) = S (cf. [Gl Theorem 7.3.4]), and we just saw this implies J^s{G) = T . In 
particular, T is saturated. 

Now assume 3f(g + 1) and q = p^'^ * for some prime p = 5 (mod 8). By (Stl § 3], Out(G) is 

generated by diagonal and field automorphisms; where the group of diagonal automorphisms 

has order gcd(3,g + 1) = 1. Thus Out(G) = ([V'^]), generated by the class of the field 

automorphism {x ^ x'^). Since G = PSU3{q) is defined via matrices over ¥^2, ipP has order 
2fc-3_ 

More explicitly, regard G = PSUs^q) = SUs^q) as the group of matrices M G SL^{q^) 
such that ip^{M^) = M~^, where M* is the transpose (aij) i— j- {a^-j^i-i). Fix u G F^2 of order 
2k-i (j-QQoii y^(^q _ 1) = _ 2), and set a = diag(u, —l,u~'^). Since u'^~^ = —1, a G SUs^q). 
Set b = (^oi^y Then bab^^ = a^^ = a^'' and so S = {a,b) is semidihedral. Also, 
i/j^i^a) = dP, ipp(b) = b, so [ip'^ls] generates Out(5'), and we conclude that 

/iG ° fi^G : Out(G) = — y Out(5, J^) = Out(5) 

is an isomorphism. 

It remains to prove that Ker(/XG) = 1. Fix [a] G Ker^fic), and choose a representative 
a G Aut[yp(£|(G')) for the class [a] such that as is the identity on Aut£|(G')(5'). In the 
notation of Proposition 14.21 Sq contains only the subgroups Tj, since Z(Ri) = G2 (and 
hence C^(/j.)(Aut5(i?j)) = C^(R.)(Autjr(-Rj))). If a is represented by elements gp, then qt^ G 
Cz(ri)(Aut5(Tj)) = Z{S) for each 2, and is uniquely determined since C2(Ti)(Autj-(Tj)) = 1. 
All of the are equal by point (b) in the proposition, and hence [a] = 1 by point (d). □ 



4.2. Tameness of some fusion systems studied in |0V2] . 

We next consider some fusion systems studied in (0V21 §4-5], and prove they are reduced 
and tame using the lists of essential subgroups and other information determined there. 

Proposition 4.5. The fusion systems at the prime 2 of the group PSL^lb), and of the 
sporadic simple groups M22, M23, McL, J2, and J3, are all reduced and tame. Moreover, if 
G is any of these groups, then kq is an isomorphism. 

Proof By [GLi §1.5], Out(G) = C2 when G ^ M22, McL, J2, or J3, while Out(M23) = 1. By 
[St| (3.2)], when G = PSL4^{5), Out(G) is generated by diagonal automorphisms (induced 
by conjugation by diagonal matrices in GL^lb)) and a graph automorphism (induced by 
transpose inverse). Since all multiples of the identity in GL^lb) have determinant one, 
the group of diagonal outer automorphisms is isomorphic to F5 = G4. Since the graph 
automorphism inverts all diagonal matrices, we get Out(G) = Dg. 
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Now let G be any of the above six groups, fix S* G Syl2(G'), and set J-" = J-'siG). We prove 
below in each case that among the homomorphisms 

Out(G') > Outtyp(£^(G')) ^'^ > Out(5, J-) , 

/^G ° i^G is an isomorphism and /i^ is injective. It then follows that is an isomorphism. 

We show that Hg°i^g is injective for each of these groups, using arguments suggested to us 
by Richard Lyons. These are based on the following statement, applied to certain subgroups 
H <G: 

a e Aut{H), S e Syl^iH), a\s = Idg 



I =^ aeAutzis){H). (5) 



Q = 02iH), CniQ) < Q, 

This follows, for example, from |0V2t Lemma 1.2]: a G Inn(if) if a certain element in 
H^{H/Q] Z{Q)) vanishes, and this element does vanish since its restriction to the Sylow 
subgroup S/Q vanishes. Thus a G lnn{H) and is the identity on S, so it must be conjugation 
by an element of Ch{S) = Z{S). 

As in jOV2] . we let = UT^iA) denote the group of upper triangular 3x3 matrices over 
F4 with I's on the diagonal. For x G F4 and I < i < j < 3, e^j G UT^i^A) is the matrix with 
entry x in position (i, j), I's on the diagonal, and O's elsewhere. Set 

Eij = {e^^ I X G F4} , A, = ^13) , and A2 = (^13, ^23) • 

The field automorphism of F4 is denoted x h-> x, and we write F4 = {0, 1, w}. Also, 
r, pj, 70) 7i) C0 G Aut(S'o) are the automorphisms 

1 a b\\ /lc6\^^ ^ f 1 a bW /la b+a \ ^ f f i a b\\ /la b+c 



1 a \ \ / 1 uja ilib\ / f I a b\\ ( \ Lua b \ //lafe\\ flab 



The group Out(S'o) = C| x (S3 x S3) is described precisely by |0V2t Lemma 4.5]. In 
particular, the subgroups (7o,C0or) and (71, t) are isomorphic to S3 and commute with 
each other. 

By the focal subgroup theorem (cf. [U^, Theorem 7.3.4]), foc(J-') = fl [G, G] = S* in each 
case, and hence 0'^{J-') = J-'. Assume 02{J^) = 1, and set J-q = (J-"). By Lemma fl. 20( e). 
^2(^0) = 1, so J-Q is a centerfree, nonconstrained fusion system over S, and is included in 
the list of such fusion systems over 5* in |0V2t Theorems 4.8 & 5.11]. By inspection of those 
lists, we see that J-q = J-" in all cases. So to prove J-' is reduced, it remains only to show that 

02(-F) = 1. 

In each of Cases 1 and 2 below, we prove successively that (i) pc o is an isomorphism, 
(ii) /iG is injective, and (iii) 02{J^) = 1- 

Case 1: Assume first that S = S^f, = So y\ (0): the extension of UT^{A) by a field 
automorphism of F4. Then 5*0 = {Ai,A2) is characteristic in 5, since Ai and A2 are the 
unique subgroups of S isomorphic to C| (cf. |UV2t Lemma 5.1(b)]). Since permutes freely 
a basis of Z{Sq) = E13, |0V2t Corollary 1.3 & Lemma 4.5(a)] imply there is an isomorphism 

Out(5) Cout(5o)((N))/(M) = m [Pl], M) = Ds . 

Let f,pl,p2 G Aut(5') be the extensions of r, pi, p2 G Aut(S'o) which send to itself. 

Set Hi = {Ai,(j)), and Ni = {Hi^el^el^). By [QV2l Theorem 5.11] and Table 5.2 in its 
proof, in all cases, 5*0 is J-'-essential, and for i = 1,2 either Hi or Ni is J-'-essential but 
not both. Also, Outjr(5') = 1 (since Out(S') is a 2-group), and Outjr(S'o) = ([70], [c,/,]) or 
([70], [71], [ccf,]). By |0V2t Lemma 5.8], there is a unique possibility for Outj-(iVj) if A''^ is 
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essential, and hence this group is normahzed by [pi] and [p2]- By |0V2t Lemma 5.7], there 
are two possibihties for Out jr(ifj) (if Hi is essential) which are exchanged under conjugation 
by [p*] and invariant under conjugation by [P3_j]. 

By inspection, for i = 1,2, [p*,7o] = 1 but [p*,7i] 7^ 1. Together with the above obser- 
vations about the action of p* on the possibilities for Outjr(i^i) and Outjr(A^j), this shows 
that p* is fusion preserving (contained in Aut(5', J-")) exactly when Ni is J-'-essential and 
[71] ^ OutjF(S'o) (and plp^ G Aut(S', J-") only if Ni and N2 are both essential). Also, f is 
fusion preserving if either the Ni are both essential or the Hi are both essential (and the 
Outj-(ifi) are chosen appropriately in the latter case), and otherwise Out(S', J-") < {[pi], [P2])- 
Thus Out(S', J-") is as described in Table Wl] where we refer to |0V2t Table 5.2] for the in- 
formation about the fusion systems. 



G 


J-'-essential 


Out^(5o) 


Out (5, J^) 


Out(G') 


M22 


'S'o, Hi, N2 


([70], N) 


{[P2])=C2 


C2 


M23 


So, Hi, N2 


([70], [71], M) 


1 


1 


PSLi{5) 


So,Ni,N2 


([70], N) 


Out(5) = Ds 




McL 


So,Ni,N2 


([70], [71], M) 


m = C2 


C2 



Table 4.1. 



(i) Since |Out(G)| = |0ut(5', J-")!, it suffices to prove pg°i^g is injective. Fix a G Aut(G', 5*) 
such that pg{.i^g{[c(])) = 1; thus a\s = Cg for some g G Ng{S). Upon replacing a by 

o a, we can assume a\s = Ids- When G is one of the three sporadic groups, then by 
pLl §1.5], Ai is centric in NdAi) (i = 1,2) and G = (A^g(^i), ^^0(^2))- When G ^ 
PSL/iib) = Pfig (5), this is easily checked by identifying S'o < Pfig (5) as the subgroup 
generated by classes of diagonal matrices (with respect to an orthonormal basis), together 
with permutation matrices for the permutations (12)(3 4) and (3 4)(5 6). So by ([5]), there 
are elements 2:1, 2:2 G Z{S) = {el^) such that (y\Nc(Ai) = for i = 1,2. Let g G Ng{So) be 
such that Cg = 7o G Autjr(S'o). Then g G NciAi) for i = 1,2 since 70 leaves the Ai invariant, 
so a{g) = Cz^{g) = Cz^^g), and hence zi = Z2 since [g, Z{S)] 7^ 1. Thus a G AM.tz{s){G). 

(ii) Set £ = C%{G). By Proposition 14.21 each element of Ker(/iG') is represented by some 
a G Aut[yp(£) which is the identity on objects and on Aut£(5'), and such that for each 
fully normalized P G Ob(£), ap G Aut(Aut£(P)) is conjugation by some element gp G 
Cz(P)(Auts(P)). Since Z{Ni) = G2 (so Cz(7v,)(Aut5(A^i)) = Cz(7v,)(Aut^(Ar,))), the only 
J-'-essential subgroups which could be in the set £q defined in Proposition 14.2( d) are Sq, and 
Hi and its S-conjugates if they are essential. 

When P = So, 

gp G GziP){knts{P)) = {e\,) = Z{S) = Cz(5)(Aut^(S)) . (6) 

So if Hi is not J^-essential, then [a] = 1 in Outtyp(£) by Proposition 14.2( d). 

Assume now that Hi is J-'-essential. Then Hi and Ai are both J-'-centric and fully 
normalized in J-", and ^ holds when P is either of these subgroups. By the descrip- 
tion of Autjr(S'o) and Autjr(//i) in Table 14.11 and |0V2t Lemma 5.7(a)], Ai is invariant 
under all J^-automorphisms of S'o and of Hi, and hence Autjr(S'o, Ai) = Autjr(S'o) and 
Aut^(i/i, Ai) = Autj-(i/i). Also, C^,(Aut^(So)) = CaA^^^AHi)) = 1- Proposition |lJ(c) 
now implies gui = gAi = gso- So [a] = 1 by Proposition 14.2( d) again; and thus pc is 
injective. 
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(iii) By |0V2t Table 5.2], for each i = 1,2, Outjr(Aj) is isomorphic to one of the groups 
^5) (C*3 X ^5)><C'2, ^e, or A^. Hence Ai and A2 are J-'-radical and J-'-centric, and 02{J^) < 
AiPi A2 = -Eis by Proposition 11.51 Since no proper nontrivial subgroup of E12, is invariant 
under the action of 70 G AutjF(S'o), and £"13 itself is not invariant under the action of 
z/2 G Autjr(A^2) (see |0V2t Lemma 5.8]), we conclude that 02{J^) = 1. 

Case 2: Now assume S = Se = Sq >\ {9), where ce = t o E Aut(S'o). Thus G = J2 or J3. 
Again in this case, Sq is characteristic in S (cf. |0V2t Lemma 4.1(d)]). Since cg permutes 
freely a basis of Z{So) = E13, |0V2t Corollary 1.3] together with the description of Out(S'o) 
in |0V2t Lemma 4.5], imply there is an isomorphism 

Out{S) Cout(5o)((N))/(N) = S4. 

Set Q = {Ei3, 6^2623, 612623) 6'), an extraspecial group of type Di^Xc^Qs with OntiQ) = S5. 
Let 7i e Aut(5') be the extension of 71 G Aut(S'o) which sends 6 to itself. By results in 
|0V2t §4.2-3], F = J^s{G) is isomorphic to the fusion system generated by automorphisms 

Out^(5) = ([71]), Out^(So) = ([70], [71], N) =C3X S3, Out^(g) ^ A,; 

and by Out^(Ai) = GL2(4) if G = J3. Since Aut(5, J^)/Inn(5) normalizes Out^(5) ^ C3, 
and the normalizer in S4 of a subgroup of order 3 has order 6, |0ut(5', J-') \ < 2. 

(i) In both cases (G = J2 or J3), Out(G) = C2. So to prove fie o kq is an isomorphism, it 
suffices to show it is injective. Fix a G Aut(G, S") such that hg{i^g{[(A)) = 1; as before, we 
can assume a\s = Ids- By |GLi §1.5], Ng{Z{S)) and NdEi^) satisfy the hypotheses of (jS]), 
and they generate G since both are maximal proper subgroups. By 1^, (y\Na(z(s)) = W, and 
a\Nc{Ei3) = Cz for some z G Z{S). Thus a G Aut z{s){G). 

(ii) Set £ = C^g{G). By Proposition 14. 2^ each element of Ker(/iG') is represented by some 
a G Aut[yp(£) which is the identity on objects, and such that for each fully normalized 
P G Ob(£), ap G Aut(Aut£(P)) is conjugation by some element gp G G^(p)(Aut5(P)). 
Since Z{Q) = G2 (hence Gz{Q){A\xts{Q)) = Cz{Q){A.\xijr{Q))), £q contains at most the 
subgroups So, Ai, and A2. Note that in both cases, Ai and A2 are J^-centric and fully 
normalized in J-". 

In both cases, 70 G Autjr(5'o) leaves Ai and A2 invariant, and acts on each of the groups 
Z{Sq) = E12, Ai, and A2 with trivial fixed subgroup. Hence 

Gz(Ai)(Aut^(S'o, A)) = Gz(A2)(Aut^(S'o, A2)) = 1 , 

and so = gso = Qa^ by Proposition H^Kc). Also, gs^ G Cz{So){Ants{So)) = (el^) = 
Z{S) = G2(5)(Autj-(S')), and Proposition 14.2( d) applies (with g = gs^) to show that [a] = 1 
in Outtyp(£). Thus fic is injective. 

(iii) Since S'o and Q are J^-centric and J-'-radical, 02{J-') < So H Q. Also, Aut jr(Q) acts 
transitively on the set of elements of order four in Q, and on the set of noncentral elements 
of order two. Since each of those sets contains elements in S'o and elements not in S'o, this 
implies 02{J-') < Z{Q) = {e\^). Since 70 G Autj-(S'o) and 70(6^3) 7^ ej;3, it follows that 

02(J^) = 1. □ 



4.3. Alternating groups. 

We prove here that all fusion systems of alternating groups are tame, and are also (with 
the obvious exceptions) reduced. Unlike the other examples given in this paper, we prove 
tameness without first determining the list of essential subgroups. 
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We first fix some notation when working with alternating and symmetric groups. We 
always regard An < S„ as groups of permutations of the set n = {1, . . . ,n}. For a G S„, 
we set supp((t) = {i & n\a{i) i} (the support of a). Likewise, for H < T^n, supp(if) is 
defined to be the union of the supports of its elements. 

Lemma 4.6. Fix a prime p and n > p^ . Assume n > 8 if p = 2. Set G = A^, and fix 
S e Sylj,(G). Set q = p if p is odd, and g = 4 if p = 2. Then 



C2 if n = 0, 1 (mod q) 
1 otherwise. 



In all cases, fic o sends Out(G) = Outs„(G') = C2 onto Out(5', ^-'^(G')). 



Proof Set = J^s{G) for short. Set = {{12 ■■■p)) ^ Cp if p is odd, and = 
((1 2) (3 4), (1 3) (2 4)) ^ C| if p = 2. Let Q < S be the subgroup generated by all subgroups 
of S which are G-conjugate to -E*. If Ei and E2 are G-conjugate to i?*, then either Ei = E2, 
or supp(i?i) n supp(i?2) = and [Ei,E2] = 1, or {Ei,E2) is not a p-group. Since this last 
case is impossible when Ei,E2 < S, we conclude that Q = Qi x ■ ■ ■ x Qk, where k = [n/q] 
and the Qi are pairwise commuting subgroups conjugate to i?*. 

Fix a G Aut(S', J-"), and set R = a{Q). We first show that R = Q. For i > 1, let rj be the 
number of orbits of length under the action of R on n. Thus 



I fjD\\ ^ j^li^/^l] if P is odd or ri = 
pri= supp(i?)| < <^ o ^ ^ 1 

2-[?2/2J n p = 2 and ri > 1 



since supp(i?) has order a multiple of p, and a multiple of 4 when p = 2 and vi = 0. Since 
R = Q is elementary abelian, R is contained in a product Y[i>ii^iY' ^ where Bi = acts 
freely on a subset of n of order p*, and hence 



rk(g) = rk(i?) < 



X]i>i iri if p is odd or ri = 

X]i>i ~ 1 if p = 2 and ri > 1 . 

In the last case, "—1" appears since R contains only even permutations, and since the only 
factors Bi which act via odd permutations are those for i = 1. 

Thus if p is odd or ri = 0, then by ([7]) and ([H]), 

^^pVj < q-[n/q] = qk = p-ik{Q) < "^^^piri . (9) 

i>l i>l 

Also, > pi, with equality only when z = 1 or = 4. Hence 1^ is possible only when p is 
odd, Ti = k, and = for z > 1; or when p = 2, r2 = k, and = for i > 2. In both cases, 
i? is a product of subgroups conjugate to E^, and thus R = Q. 

Now assume p = 2 and ri 7^ 0. By ([7]) and ([HD again, 

^ 2Vi - 2 < 2-([n/2] - 1) < 4-[n/4] = Ak = 2-rk(g) < ^ 2iri - 2 , 

SO = for i > 3, and the inequalities are equalities. In particular, ri + 2r2 = [n/2] = 2k + 1, 
so ri and [n/2] are both odd. Hence R = {C'^Y'^ x 6*2^^^ (and ri > 3), where each element 
in AutG(-R) permutes the C|-factors and the C2-factors. It follows that AutG(-R) = (S3 I 
ErJ X E.r^. Since a is fusion preserving, we have AutG(-R) = AutG(Q), where AutG(<5) = 
Auts„(Q) = E3 ? Sfc since [n/2] is odd {n — Ak > 2 where Ak = \supp{Q)\, so there is a 
transposition which centralizes Q). Thus S3 ? = (S3 I S^j) x S^^. Since (S3 I S^)*^^ = C| 
for all £ > 2, we get r2 = 1, S3 ^ S^ = S3 x S^^, and this is clearly impossible. 
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Thus a{Q) = Q. Since a is fusion preserving, it permutes the G-conjugacy classes in Q. 
For each 1 < r < k, there are {^)-{q — 1)^ products of r disjoint p-cycles in Q if p is odd, and 
(^)-(g — 1)^' products of 2r disjoint 2-cycles in Q if p = 2. Clearly, k{q — 1) < (^)-(g — 1)'' 
for 1 < r < /c, and k{q — 1) < (g — 1)'' since k > 1 and (fc, q) ^ (2, 3) by assumption. 
Hence a sends the set of p-cjdes in Q (products of two 2-cycles in Q) to itself. Since the 
p-cycles (products of two 2-cycles) are precisely the nonidentity elements in lJi=iQi! 
since Qi, . . . ,Qk are the maximal subgroups in this set, a permutes the Qi. 

Thus there is g G N-£„{Q) such that Cglg = alg, and hence 

AntgSg-i{Q) = {a\Q)Ants{Q){a\Q)-^ = Ants{Q) 

since a G Aut(S'). Since Q < S hj construction, this implies gSg^^ < S-Cy;„{Q), where S 
normalizes Cs„(<5) since it normalizes Q. Hence there is h E Cy,^{Q) such that hg G Ny,^{S) 
(and a\Q = Chglq). Upon replacing a by a o cf^^, we can now assume q;|q = Id. 

Set J-Q = Njr(Q). Since Q is fully normalized in and Q < S, this is a saturated fusion 
system over S. Also, Cs{Q) < Q- any permutation which centralizes Q must leave each 
set supp(Qj) invariant, and hence Cg{Q) = iCAq{E^)Y x A^-qk = Q x A^-qk- Thus Q is 
normal and centric in J-q, so J-q is constrained in the sense of |BCGLOT| Definition 4.1]. 
By [ BCGLOTI Proposition 4.3], there is a finite group Go? unique up to isomorphism, such 
that Op,{Go) = 1, Q < Go, Ggo(Q) <Q.S e Sylp(Go), and J-q = :Fs{Go). Thus Q < Go 
and Go/Q = Autj-(Q). The fusion preserving automorphism a induces an automorphism 
of J-Q = Njr{Q), and hence by the uniqueness of Go induces an automorphism (3 G Aut(Go) 
such that (3\s = a. Let H < Gq he the group of those g & Gq such that Cg sends each Qi to 
itself via an automorphism of order prime to p. Thus H/Q < {Cp-i)'^ (with index 1 or 2) 
when p is odd, and H/Q = Gg when p = 2. Since (3\q = Idg and H/Q has order prime to 
p, f3\H is conjugation by an element a E Q. Upon replacing a and /3 by a o and (3 o c~^, 
we can assume P\h = Idj^. But now, Z{H) = 1, so distinct elements of Gq have distinct 
conjugation actions on H, and hence /3 = Idcg- Thus a = f3\s = Ids- 

We have now shown that each element of Aut(5', J-") is conjugation by some element of 
Since n > 6, Out(G) = OutE^(G) by, e.g., |Szlt Theorem 3.2.17]. Thus /ic o sends 
Out(G) = G2 onto Out(5', J-"). This last group is trivial exactly when there is 5^ G Ns^{S)\An 
such that Cgis G Aut7r(5'); i.e., when Cg\s = Ch\s for some h G Ng{S). Upon replacing g by 
gh~^, we see that Out(5', J-") = 1 if and only if some odd permutation g G S^xAn centralizes 
S. 

If n ^ 0, 1 (mod q), then there is a transposition (ij) which centralizes S: when p is 
odd because one can choose i,j G n\supp(S'), and when p = 2 because the S'-action on n 
has an orbit {i,j} of order 2. Thus Out(S', J-") = 1 in this case. If n = 0, 1 (mod g), then 
|n\supp(Q)| < 1, and so 

Cj,^{S) < Cj,M) = Q < An . 

Thus Out(S', J-") = Outs„(5') has order two in this case. □ 

The following well known lemma will be needed when working with elementary abelian 
subgroups of symmetric groups. 

Lemma 4.7. Fixn > 1 and an abelian subgroup G < Let Hi, . . . , Hm < G be the distinct 
stabilizer subgroups for the action of G on n, and let Xi <0 n be the set of elements with 
stabilizer subgroup Hi (so n is the disjoint union of the Xi). Then each Xi is G-invariant. 
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Let ki be the number of G- orbits in Xj. Then 

m 
i=l 

where each factor {G /Hi) I Sfc. has support Xi, S^. permutes the ki G-orbits in Xi, and each 
factor G/ Hi in {G/Hi)^' has as support one of those G-orbits. 

Proof. Let Yi, . . . ,Yt he the G-orbits in n, and let Gq < G-s^{G) be the subgroup of elements 
which leave each of the Yi invariant. Since G is abelian, y and g{y) have the same stabilizer 
subgroup for each g E G and each y G n. Let Ki be the stabilizer subgroup of the elements 
in Yi. Then the homomorphism 

t 

X: X{{G/K,) ^Co, 

i=l 

defined by setting xiQi^i^ ■ ■ ■ ^9tKt){y) = Qiiy) for y G Yi, is an isomorphism. 

Since all elements in each orbit have the same stabilizer subgroup, each set Xi is a union 
of orbits Yj (i.e., is G- invariant). Also, Gq is normal in Gs„(G): it is the kernel of the 
homomorphism to which describes how an element a permutes the orbits. Each a G 
Gs„(G) sends each orbit in n to another orbit with the same stabilizer subgroup, and thus 
leaves each Xi invariant. Since Xi contains ki orbits, Gs„(G)/Go = HilLi^fci; Ge„(G) 
is isomorphic to the product of the wreath products {G /Hi) I S^.. □ 

We are now ready to prove that all fusion systems of alternating groups are tame. 

Proposition 4.8. Fix a prime p and n > 2, set G = An, and choose S G Sylp(G). Then 
J^s{G) is tame. If p = 2 and n > 8; or if p is odd, n > p"^ and n = 0, 1 (mod p); then 

kg: Out(G) > 0uttyp(£^5(G)) ^ G2 

is an isomorphism. 

Proof. Set J-" = J-'s{G) and £ = Cg{G). If n < p^, or if p = 2 and n < 6, then the Sylow 
p-subgroups of An are abelian, so J-" is constrained, rec)(J-') = 1 by Proposition 12. 4[ and so 
J-" is tame by Theorem |Xl If p = 2 and n = 6, 7, then since Aq = PSL2{9) and A^ has the 
same fusion system as Ag, J-" is tame by Proposition 14. 3[ 

If p is odd and n > p'^, then /jq '■ Outtyp(£) — ^-j- Out(S', J-') is an isomorphism by |BLOH 
Theorem E] and |01t Theorem A]. So by Lemma [4.61 either n = 0, 1 (mod p) and kg is an 
isomorphism, or Outtyp(£) = 1 and hence is split surjective. Thus J-" is tame in these 
cases. 

It remains to handle the case p = 2 and n > 8. By Lemma [4.61 again, it suffices to prove 
Ker(/iG) = 1 if n = 0, 1 (mod 4) and |Ker(/XG) | < 2 if n = 2, 3 (mod 4) , (10) 
and also 

= 2,3 (mod 4) =^ there is a; G Gs^(5')\G such that kg'([cx']) 7^ 1 • (H) 

Let Q < 5 be as in the proof of Lemma 14. 6t the subgroup generated by all subgroups 
of S G-conjugate to E^. = ((1 2)(3 4), (1 3)(2 4)). We saw in the proof of the lemma that 
Q = Qi X ■ ■ ■ X Qk, where k = [n/4], the Qi are the only subgroups of S G-conjugate to i?*, 
and they have pairwise disjoint support. Thus Q is weakly closed: the unique subgroup of 
5" in its G-conjugacy class. 
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Fix [a] E Ker (/!(;). By Proposition \A.2\ we can assume [a] is the class of a G Aut[yp(£) for 
which as = IdAut£(S')- Let gp G Cz{p){Auts{P)), for P < S" J^-centric and fully normalized, 
be the elements defined in Proposition 14. 2[ Set g = gg E Cgi^AutsiQ)) = Z{S) (the last 
equality since Q is normal and centric in S). For each fully normalized P > Q (including 
P = S), all automorphisms in Autjr(P) leave Q invariant since it is weakly closed, so 
gp = gg = 9 (mod Cz(Q){Autjr{P)) = Cz{p){Autjr{P))) by Proposition i^Kc). So upon 
replacing a by a o C|~p we can assume g = 1, and ap = IdAut£(P) (and gp = 1) for all fully 
normalized P > Q. 

For each 1 < i < k, there is a 3-cycle hi G Ng{Q) which permutes transitively the 
involutions in Qi and centralizes the other Qj. Thus Cg^Autjr^Q)) < Oi^iCq^hi) = 1. So 
by Proposition 14.2( e) . [a] = 1 if and only if for each J-'-conjugacy class V of subgroups which 
do not contain Q, ii V H So 0, then there is at least one subgroup P E V H Sq such that 
gp G Cz{p){Autjr{P)). Recall P G if -P is J-'-essential, P = Cs{E) for some elementary 

abelian subgroup E fully centralized in J^, and C^(p)(Auts'(P)) ^ C z{p) {Ant jr{P)) . Let Sq 
be the set of subgroups P E Sq which do not contain Q. 

Fix P = Cs{E) G Sf^. Since E is fully centralized, P G Syl2(CG(^)). Since P is 7- 
essential, OutjF(P) has a strongly 2-embedded subgroup, and hence all involutions in any 
Sylow 2-subgroup of Outjr(P) are in its center (cf. |0V2i Propositions 3.3(a) & 3.2]). In 
particular, Outjr(P) contains no subgroup isomorphic to D^. 

Fix P G Syl2(C2„(E)) which contains P. Thus P = P n Also, E < P, so P < 
P-C^AP) < C^AE), and hence 

P-C^AP) /P has odd order. (12) 

By Lemma 14.71 each union of m E'-orbits of order g = 2* which have the same stabilizer 
subgroup contributes a factor Eg I to C-s^{E), where Eg = (C2)* is acting freely on an 
orbit of order q in n. Since a Sylow 2-subgroup of is a product of wreath products 
C2 ? ■ ■ ■ ? C2, P G Syl2(C2^(P)) is a product of subgroups of the form EglC2l - ■ -102 (or Eg) 
with pairwise disjoint support. If P contains a factor Eg I C2 I ■ ■ ■ I C2 tor q = 2'' > 8, then 
OutjF(P) contains GLr{2) > Dg, which we just saw is impossible. 

Write n = Xq 11 Xi 11 X2, where Xq is the set of points fixed by P, Xi is the union of 
P-orbits of length 2, and X2 is the union of P-orbits of length > 4. By the above description 
of P, P = Pi X P2, where supp(Pi) = Xi for z = 1, 2, Pi = where 2m = |Xi|, and P2 is 
a product of subgroups E4I C2I ■ ■ ■ I C2 and C2I ■ ■ ■ I C2 (the latter of order > 8). By f[T^ . 
l-'^ol < I5 since otherwise there would be a 2-cycle in Ce„(P) not in P. 

Each factor £'4 or C2 I C2 (with support of order 4) contains a subgroup conjugate to 
E^ (thus one of the factors Qi in Q). Thus X2 C supp(Q fl P). If n — IX2I < 3, then 
X2 = supp((5), so Q < P n An = P, contradicting the original assumption on P. Thus 
\Xq U Xi| > 3. Since |Xo| < 1 and |Xi| = 2m is even, we have m > 2. 

If is any of the m orbits of order 2 in Xi, then (ij) G Cs„(P)\A„ and P = 

{P,i^J))■ Thus Xs„(P) = Xs„(P), Cs„(P) = Cs„(P), P-C7s„(P) = P-Cs„(P), and so 
A^s„(P)/P-Cs„(P) = Xg(P)/P-Cg(P). This proves that 

OutG(P) = Outs„(P) = Outs„(P) = S,n X Outs^^(P2), 

where the first isomorphism is induced by restriction. Here, is the group of permutations 
of X2. 
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If m = 2, then 02(0utG'(P)) 7^ 1, and if m > 4, then OutdP) > Ds. Either of these 
would contradict the assumption that OutG(P) contains a strongly 2-embedded subgroup. 
Thus m = 3, and Xi = supp(Pi) has order 6. A group with a strongly 2-embedded sub- 
group cannot split as a product of two groups of even order, so lOuts^j (-^2)! is odd. Since 

P2-Cj]^^{P2) / P2 is isomorphic to a subgroup of P-Cj:^{P)/ P, it has odd order by ( !T2|) . and 
hence 

is also odd. li P2 < T E Syl2(Sx2), then Nt{P2)/P2 has odd order, so P2 = T (cf. [SiTl 
Theorem 2.1.6]), and thus P2 G Syl2(Sx2)- 

Since P2 is a Sylow 2-subgroup of a symmetric group and has no orbits of order 2, it is 
a product of subgroups C2 I ■ ■ ■ I C2 of order > 8. Since 4||X2| (a union of orbits of order 
2' > 4) and |Xo| < 1, 

n = |Xo| +6+ IX2I = 2,3 (mod 4). 

1 1 R is any other subgroup in £^^, then R = Rn G, n = Y0UY1UY2 where Yo is the 
set of elements fixed by R and Yi is the union of i?-orbits of order 2, R = Ri x R2 where 
supp(i?i) = Yi, R2 G Syl2(Sy2), |^i| = 6 = \Xi\, and II2I = IX2I (the largest multiple of 4 
which is < n— 6). Thus R is S„-conjugate to P, and is A„-conjugate to P since there are 
odd permutations which centralize P (the transpositions in Pi). 

Now, Z{P) = Pi X Z{P2), where Z{P2) is a product of one copy of C2 for each factor 
C2I ■ ■ ■ I C2 iTL P2 (equivalently, for each P2-orbit in X2). Also, each of these factors C2 has 
support the corresponding P2-orbit, hence of order a multiple of 4, and hence contained in 
An- Thus Z{P2) < G = An- Also, Autjr(P) acts via the identity on Z{P2), since all of the 
factors C2 I ■ ■ ■ I C2 in P2 have different orders (hence their supports have different orders). 
Since AutA„(Pi HA^) = S3 acts on Pi by permuting the three transpositions, Autjr(P) acts 
on PinAn = Gl with trivial fixed set. Since Z[P) = (Pi n An) x Z{P2), it now follows that 
Gz{p){Auts{P)) /Gz(p){Autjr{P)) has order two. 

To summarize, every class in Kerlfic) is represented by some a such that ap = Id when 
P > Q, and for such a, [a] = 1 if and only if gp G C^(p)(Autjr(P)) for some representative 

in each J^-conjugacy class in sf'^. When n = 0, 1 (mod 4), £q^ = 0, so Ker(/iG) = 1- 
When n = 2,3 (mod 4), all subgroups in Sq are J-'-conjugate to some fixed P, and so 
|Ker(/iG)| < |Cz(P)(Aut5(P))/Cz(P)(Aut^(P))| = 2. This proves m- 

Assume n = 2,3 (mod 4), and P = P (1 An E Sq as above. Set k = [n/4] as be- 
fore. Assume S was chosen so that supp(S') = Xi 11 X2 = {1, . . . , 4A; + 2} and supp((5) = 
{3, . . . ,4A; + 2}. We have shown that IX2I = |supp(S')| — 6 = 4/c — 4 and X2 C supp((5). 
Thus, after possibly rearranging the elements of n, we can assume X2 = {7,8, ... ,4:k + 2} 
and Pi = ((12), (34), (56)). 

Set X = (12). Then Out(G) = ([c^]) = G2, [x,S] = 1, and is the identity on 
NG{Q)/G'a{Q) and hence on Aut£(Q). (Note that if n = 4A; + 3, then Q(Q) = {{12n)) 
does not commute with x.) Also, (12)(3 4)(5 6) centralizes Ng{P), and hence c^^. acts on 

Aut£(P) (or on Ng{P)) via conjugation by qp = (3 4)(5 6) G Gz{P){Auts{P)). Since 
gp ^ Cz(P)(Autjr(P)), [cx] is sent to a nontrivial element in Kei^fic). This proves (fTTI) . 
and finishes the proof of the proposition. □ 
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We finish by proving that with the obvious exceptions, most fusion systems of alternating 
groups are reduced. 

Proposition 4.9. Fix a prime p and n > p^ such that = 0, 1 (mod p). Assume n > 8 if 
p = 2. Set G = An, and choose S G Sylp(G'). Then the fusion system J^s{G) is reduced. 

Proof. Set J-" = J^s{G). By the focal subgroup theorem (cf. [21 Theorem 7.3.4]), foc(J-') = 

S n [G, G] = S, so OP(J^) = J^. 

Let Q < S be as in the proof of Lemma 14. 6t the subgroup generated by all sub- 
groups of S G-conjugate to E^, where E^, = ((12 ■ ■ ■ p)) = Cp ii p is odd, and E^ = 
((1 2) (3 4), (1 3) (2 4)) = Cl if p = 2. We saw in the proof of the lemma that Q = Qi x ■ ■ ■ xQ^, 
where k = [n/p] {p > 2) or [n/A] (p = 2), the Qi are the only subgroups of S G-conjugate 
to E^:, and they have pairwise disjoint support. Thus Q is Autjr(5')-invariant. We also saw 
that Gs{Q) = Q, and hence Q is J^-centric (since it is the only subgroup in its J-'-conjugacy 
class by construction). Finally, 

Aut2„(Q) = Aut(E,) I Sfc where Aut(E,) = J ^ l (13) 

and hence Autjr(Q) has index at most two in this wreath product. When p = 2, since 
Sfc < Aut2„((5) permutes the Qi with support of order 4, it is contained in Autjr(Q). 

Set R = Op{J^). Since Q is J^-centric, and is J-'-radical by (fT3!) . -R < Q by Proposition 
11.51 Assume i? 7^ 1, and fix G -R of order p. There is h E Q which is G-conjugate to g 
(a product of the same number of p-cycles) such that gh is a p-cycle (or a product of two 
2-cycles if p = 2). Then h E R since R < J-", and so gh G R. Since each Qi is generated 
by elements G-conjugate to gh, this would imply that R = Q. But in all cases, there are 
elements both in Q and in S\Q which are products of p disjoint p-cycles, so Q is not strongly 
closed in J^. We conclude that R = Op{J-') = 1. 

Now set J-Q = 0'^'{J-'); we must show J-q = J-'. By |BCGL02t Theorem 5.4], it suffices to 
show that Autjry(5') = Autjr(5'). Also, by the same theorem, 

Autj-o(S) = Aut°.(S) > (a G Aut^(S) | a\p G O^' {Ant^{P)), 

some J-'-centric subgroup P < S with a{P) = P) . 

Fora G Aut^(^), if ajg G OP'(Aut^(Q)), then a G Aut^,{S). If p = 2, then 02'(Aut^(g)) = 
Autjr((5) by the description in (IT^ . so J-q = J-" in this case. 

Assume p is odd. Let p^ be the largest power of p such that p^ < n. Write S = Si x S2, 
where supp(5'i) fl supp(S'2) = and |supp(S'i)| = p^. Fix T G Sylp(Sp), and identify 

Si=TlTl---lT <^pl^pl■■■l^p<^p^<^n■ 
\Jet $: (Sp)^ y Upl ■ ■ ■ lY^p < be the monomorphism which sends the first factor 

diagonally to (Sp)^*^ \ the second factor diagonally to (1 1 Sp)^'^ ^, etc. Set Pi = $(T^) and 
P = Pi X S2 < S . Fix M G of order p - I, and choose h G Nj^p{T) such that hgh'^ = g"" 
for g E T. Let a G Autjr(S') be conjugation by $(/?-, h~^, 1, . . . , 1). Then a\p-^ has matrix 
diag(u, u~^, 1, . . . , 1) G SL^^j) with respect to the canonical basis. Since Autjr(Pi) has index 
at most two in Aut2^(Pi) = GLi{p), we get a\p G (Autjr(P)), and so a G AutjrQ(S') since 
P is J^-centric. Also, ajg represents a generator of Autjr{Q)/OP (Autjr((5)) = , so this 
finishes the proof that Aut j-^, (S) = Aut^(5') and hence that J-q = J-". Thus J-" is reduced. □ 
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